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1 Introduction and statement of main results 



In this article, we construct various types of invariant manifolds for analytic 
dynamical systems over complete ultrametric fields. The invariant manifolds 
are useful in the theory of Lie groups over local fields, where they allow results 
to be extended to ground fields of positive characteristic, which previously 
where available only in characteristic (i.e., for p-adic Lie groups). The 
results also constitute a first step towards a theory of partially hyperbolic 
dynamical systems over complete ultrametric fields. 

Definitions and main results. As in the real case, hyperbolicity 
assumptions are essential for a discussion of invariant manifolds. To explain 
the appropriate conditions in the ultrametric case, let E be an ultrametric 
Banach space over a complete ultrametric field (K, |.|). Let a: E — > E be a 
continuous K-linear map, and a G ]0, oo[. 

Definition 1.1 We say that a is a-hyperbolic if there exist ^-invariant vector 
subspaces E a>s and E ajU of E such that E = E a>s © E a>u , and an ultrametric 
norm |.| on E defining its topology, with properties (a)-(c): 

(a) ||x + y|| = max{||x||, ||y||} for all x G E ajS and y G £ a , u ; 

(b) «2 := OL\E a ^ is invertible; 

(c) Ha^H < a and \ > a holds for the operator norms with respect to 

\\ a 2 II 

||.||, where ct\ := a|_e a , s (and jjj := oo). 

Then E a>s is uniquely determined (see Remark 6.6). If a = 1, we also write 
E s := £"1,3 and E u := i?i )U . 

As is to be expected, a-hyperbolicity can be read off from the spectrum of a 
if E is finite-dimensional (see Corollary 9.7): Then a is a-hyperbolic if and 
only if a 7^ |A| for each eigenvalue A of a ®k id^ in an algebraic closure IK. 

Now consider an analytic manifold M modelled on an ultrametric Banach 
space E over K (as in [10]). Let /: M — > M be an analytic diffeomorphism, 
and p G M be a fixed point of /. 

Definition 1.2 Given a G ]0, 1], we define W*(f,p) C M, the a-stable set 
around p with respect to /, as the set of all x G M such that 

f n (x) — > p as n — > 00 and oT n \\K(f n (x)) \\ — > , (1) 
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for some (and hence every) chart n: U — > V C E of M around p such that 
n(p) = 0, and some (and hence every) ultrametric norm ||.|| on E defining 
its topology. 1 

It is clear from the definition that W* := W*(f,p) is stable under /, i.e., 
f(Wa) = ^o- Now a-hyperbolicity of T p (f) ensures that is a manifold, 
the a-stable manifold around p with respect to / (see Section 7): 

Theorem 1.3 (Ultrametric Stable Manifold Theorem) Let M be an 

analytic manifold modelled on an ultrametric Banach space over a complete 
ultrametric field K. Let f : M — > M be an analytic diffeomorphism and 
p E M be a fixed point of f. If a e ]0,1] and T p (f): T P (M) -> T P (M) 
is a-hyperbolic, then there exists a unique analytic manifold structure on 
W s a := W*(f,p) such that (a)-(c) hold: 

(a) is an immersed submanifold of M; 

(b) W* is tangent to the a-stable subspace T p (M) as (with respect to T p (f)), 
i.e.,T p (W*)=T p (M) a , s ; 

(c) / restricts to an analytic diffeomorphism W* — > W^. 

Moreover, each neighbourhood of p in contains an open neighbourhood fl 
of p in Wl which is a submanifold of M, is f -invariant (i.e., f(£i) C Q), and 
such that W s a = [Jn=of~ n ( n )- 

In case of 1-hyperbolicity, one simply speaks of hyperbolicity. Moreover, W{ 
is simply called the stable manifold around p, and denoted W s . 

To obtain so-called centre-stable manifolds and centre manifolds around a 
given fixed point p, again we need to impose appropriate conditions on T p (f). 
To formulate these, let E be an ultrametric Banach space over IK. Moreover, 
let a : E — * E be a continuous linear map, and a G ]0, oo[. 

Definition 1.4 An a-invariant vector subspace E a)CS C E is called an a- 

centre-stable subspace with respect to a if there exists an a-invariant vector 
subspace E ajU of E such that E = E a)CS © E a ^ and a 2 ■= a\ E ^ u ■ E a>u -> E a>u 
is invertible, and there exists an ultrametric norm |.|| on E defining its 
topology, with the following properties: 

1 See Remark 6.7 for the independence of the choice of n and ||.||. 
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(a) \\x + y\\ = max{||a;||, \\y\\} for all x G E ajCS , y G £ a , u ; and 

(b) 1 1 cn|| < a and .. I lM > a holds for the operator norms with respect to 

\\ a 2 II 

11-11, where a x := a\ Ea<cs . 
Then E a;CS is uniquely determined (see Remark 3.3). 

Definition 1.5 If a is an automorphism, we say that an a-invariant vector 
subspace E a>c C 2? is an a-centre subspace with respect to a if there exist a- 
invariant vector subspaces E ajS and i? 0jU of E such that = E a ^ s (B E ajC (B E a ^ u , 
and an ultrametric norm |.| on E defining its topology, with the following 
properties: 

(a) ||x+y+z|| = max{||x||, \\y\\, \\z\\} for all x G E a>s , y G E a>c and z G E a ^\ 

(b) ||a(x)|| = a||x|| for all x G E ac ; and 

(c) \\ai\\ < a and i t > a hold for the operator norms with respect to 
||.||, where a x := a\ Eaa and a 3 := a\ Eau . 

Then E a>s , E ac and E au are uniquely determined (Remark 4.3); E afi and 
E atU are called the a-stable and a-unstable subspaces of E with respect to a, 
respectively (and likewise in Definition 1.1). If a = 1, we simply speak of 
stable, centre and unstable subspaces, and write E s , E c and E u instead of 
Ei, s , Ei )C and Ei tU . 

If E is finite-dimensional, then an a-centre-stable subspace with respect to a 
linear map a: E — > E always exists, for any a G ]0, oo[. An a-centre subspace 
exists if E is finite-dimensional and a an automorphism (see Section 9). 

1.6 Let M be an analytic manifold modelled on an ultrametric Banach space 
over a complete ultrametric field K. Let M C M be open, / : M — * M be 
an analytic mapping, p G M be a fixed point of /, and a G ]0, 1]. 

Definition 1.7 If T p (M) has an o-centre-stable subspace T p (M) ajCS with re- 
spect to T p (f), we call an immersed submanifold iV C M an a-centre-stable 
manifold around p with respect to / if (a)-(d) are satisfied: 

(a) peN- 

(b) N is tangent to T p {M)^ cs at p, i.e., T p (N) = T p (M) a , cs ; 
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(c) f(N) C N; and 



(d) f\ N : N -> TV is analytic. 
If a = 1, we simply speak of a centre-stable manifold. 

Definition 1.8 If T p (/) is an automorphism and T p (M) has a centre sub- 
space T p (M) c with respect to T p (f), we say that an immersed submanifold 
N C M is a centre manifold around p with respect to / if (a), (c) and (d) 
fom Definition 1.7 hold as well as 

0)' N is tangent to T P (M) C at p, i.e., T p (A r ) = T P (M) C . 

Given a manifold M, p G M and immersed submanifolds N 1} N 2 C M 
containing p, let us write iVi ~ p if there exists an open neighbourhood 
[/ of p in iVi which is also an open neighbourhood of p in N 2 , and on which 
N\ and A^2 induce the same analytic manifold structure. The ~ p -equivalence 
class of an immersed submanifold N C M is called its germ at p. 

The following result is obtained in Section 3: 

Theorem 1.9 (Ultrametric Centre-Stable Manifold Theorem) Let 

a G ]0, 1] and assume that T P (M) admits an a- centre- stable subspace with 
respect to T p (f), in the situation of 1.6. Then the following holds: 

(a) There exists an a- centre- stable manifold N around p with respect to f; 

(b) The germ of N at p is uniquely determined; 

(c) Every neighbourhood of p in N contains an open neighbourhood Q of p 
in N which is an a- centre- stable manifold and a submanifold of M. 

As concerns centre manifolds, we show (see Section 4): 

Theorem 1.10 (Ultrametric Centre Manifold Theorem) In the setting 
of 1.6, assume that T p (f) is an automorphism and assume that T p (M) has a 
centre subspace with respect to T p (f). Then 

(a) There exists a centre manifold N around p with respect to f; 

(b) The germ of N at p is uniquely determined; 
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(c) Each neighbourhood of p in N contains an open neighbourhood Q of p 
in N which is a centre manifold, a submanifold of M , stable under f 
{i.e., f(P) = fi), and for which Q — > Q is a dijfeomorphism. 

It is essential for the uniqueness assertions in part (b) of Theorem 1.9 and 1.10 
that all manifolds (and submanifolds) we consider are analytic manifolds. 

Local a-unstable manifolds can also be discussed, for a > 1 (see Section 8). 
In Sections 10 to 12, we describe general consequences of our results, and in 
Section 13 we draw more specific conclusions concerning Lie groups. Results 
from these sections are vitally used in [20] and [22] , to obtain information on 
automorphisms of finite-dimensional Lie groups over local fields of positive 
characteristic. To explain the motivation for the current article, and to show 
the utility of its results, we now briefly describe two applications which are 
only available through the use of invariant manifolds. 

Applications in Lie theory. If G is a totally disconnected, locally compact 
topological group with neutral element 1 and a: G — > G an automorphism 
of topological groups, then 

U a := {x G G: a n (x) — > 1 as n — > oo} 

is called the contraction group of a and 

M a := {x G G: a z (x) is relatively compact in G} 

the Levi factor, where a z (x) := {a n (x) : n G Z} (see [5]). Now assume that G 
is an analytic finite-dimensional Lie group over a local field K and a : G — > G 
an analytic automorphism. Since a(l) = 1, we are in the situation of the 
current article. Using invariant manifolds, one can prove the following results 
in arbitrary characteristic (the p-adic case of which is due to Wang [38] ) 2 : 

(a) The group U a is always nilpotent (see [20, Theorem B]). 

(b) If U a is closed, then U a , U a -i and M a are Lie subgroups of G. More- 
over, U a M a U a -i is an open subset of G and the "product map" 

7T : U a x M a x U a -i -> U a M a U a -i , (x, y, z) ^ xyz 

is an analytic diffeomorphism (see [22]; cf. also the sketch in [21]). 

2 Our results also enable the calculation of the "scale" s(a) (introduced in [41], [42]) if U a 
is closed [22] , and to discuss Lie groups of type R over local fields of arbitrary characteristic. 
Previously, this was only possible in the p-adic case (see [15] and [33] , respectively. Compare 
also [5] for the scale of inner automorphisms of reductive algebraic groups). 
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In fact, the a^-stable manifolds Gj := W*.(a, 1) provide a central series 
{1} = Gi C G 2 C • • • C G n = G of Lie subgroups of G, for suitable real 
numbers < a\ < ■ ■ ■ < a n < 1 (see [20]). And to get (b), one heavily uses 
the (stable) manifold structures on U a = W s (a, 1) and U a -i = W s (a~ 1 ,l) 
constructed here, and the fact that M a contains a centre manifold for a 
around 1 (see [22]; cf. also [21]). 

Methods. Using a local chart around p, the constructions of a-centre-stable 
manifolds and (local) a-stable manifolds are easily reduced to the case where 
M = E is an ultrametric Banach space and / is an analytic £"-valued map 
on an open ball Bf(Q) C E, such that /(0) = 0. Write E = E 1 © E 2 
and (accordingly) / = (fi,f 2 ), where E\ is the a-centre stable (resp., the 
a-stable) subspace of E and E 2 the a-unstable subspace. Now the idea is 
to construct an a-centre-stable manifold (resp., a local a-stable manifold) as 
the graph T of an analytic ^-valued map (f> on some ball in E 1 . 

Construction of a-centre-stable manifolds. In this case, the required f- 
invariance of T necessitates that 

f 2 (x,(f>(x)) = <f>(f 1 (x,<f>(x))) (2) 

for small x e E\. Writing now f\, f 2 and tp as convergent series, (2) can 
be read as an identity for formal series, which enables us to determine the 
coefficients of <fi recursively (see Section 3). 

Construction of (local) a-stable manifolds. We construct local a-stable 
manifolds by an adaptation of a method used by M. C. Irwin in the real 
case [27] . Instead of constructing the points z = (x, <f)(x)) of the local a- 
stable manifold directly, the central idea of Irwin was to construct, instead, 
their orbits u(x) := (f n (z)) n ^ Q . These are elements of a suitable Banach 
space of sequences, and satisfy a certain identity 

G(u(x)) = (Or, 0), (0,0),...), 

which can be solved for u(x) using the inverse function theorem for k times 
continuously Frechet differentiate functions between Banach spaces (cf. [1] 
for an extension of Irwin's method to real analytic dynamical systems). 

As an inverse function theorem is also available for analytic maps between 
ultrametric Banach spaces, we can adapt Irwin's method to the ultrametric 
case (see Section 6 for the construction, and Section 5 for auxiliary results 
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concerning sequence spaces). Our discussion also profited much from [40]. 

General remarks. It should be mentioned that (of course!) our primary- 
interest lies in the finite-dimensional case. However, Irwin's method forces 
us to consider infinite-dimensional sequence spaces. Moreover, the discussion 
of centre-stable (and centre) manifolds actually becomes easier if one uses a 
coordinate- free formulation (which avoids the use of multi-indices). 

We also wish to mention that although locally analytic functions are used 
as the basis of our studies, the dynamical systems give rise to various global 
objects (not only to germs around the fixed points). Examples are the in- 
stable manifold W*(f,p) and the Levi factor M a in a Lie group G, which is 
a distinguished centre manifold (if U a is closed). 

Relations to the literature. As just explained, our methods and results 
have their roots in the theory of smooth dynamical systems over the real 
ground field, and drew some inspiration from classical sources in this area 
(in the case of stable manifolds). 3 Complementary to our studies, much of 
the literature on ultrametric dynamical systems can rather be regarded as an 
offspring of complex dynamics, and has concentrated on the 1-dimensional 
case (see, e.g., [6] and [9]). Some specific new phenomena arose there, like 
the existence of wandering domains [7]. It also turned out to be necessary 
in some situations to extend the action of polynomials or rational functions 
from the ordinary projective line to the Berkovich projective line, because 
the latter supports relevant measures while the projective line does not, in 
contrast to the classical complex case [14] (further ultrametric phenomena 
can be found in [4] and [32]. For relations to formal groups, see [30]). 

While the preceding list could easily be prolonged, papers devoted to multi- 
dimensional non-archimedean dynamical systems are quite rare. Notable 
exceptions are the work of Herman and Yoccoz [25] on the analytic lineariz- 
ability problem in several variables (over ultrametric fields of characteristic 
zero) and the closely related recent Ph.D. -thesis [37] by D. Vieugue. 4 Fur- 
ther works include [2] and [3]. We mention that if a (finite-dimensional) 
ultrametric dynamical system is analytically conjugate to a linear system (at 
least locally around a fixed point), then it is very easy to obtain invariant 
manifolds (as the images of the corresponding vector subspaces). However, 

3 See also [26], [24] and the references therein. 

4 Concerning the single variable case, compare also K.-O. Lindahl's thesis [29]. 



8 



an analytic linearization is only possible in special situations, and hence 
the existing results are insufficient to deal with the Lie-theoretic problems 
described above. By contrast, the results we provide are quite general, and 
apply just as well if a linearization is not available (and in any characteristic). 

Perspectives. Having started on this road, it would be natural to 
proceed and take further steps towards a non-archimedean analogue of the 
theory of partially hyperbolic dynamical systems. One essential point would 
be the study of invariant foliations (e.g., locally around a fixed point), which 
would give refined information on the dynamics. Such extensions auto- 
matically lead us outside the class of analytic functions, and necessitate the 
consideration of functions with weaker regularity properties, like functions 
which are only C fc , Lipschitz, or Holder (cf. also [24, p. 133]). 5 In fact, in the 
real case it is well-known that smooth (or analytic) dynamical systems may 
give rise to foliations which are Holder, but not C 1 (nor Lipschitz). 

From this point of view, it is very natural to construct invariant manifolds 
also for C fc -dynamical systems over ultrametric fields. 6 These constructions 
(which are more complicated than the analytic case) are in preparation. In 
a nutshell, Irwin's method still provides a-stable manifolds in the case of 
C fc -dynamical systems modelled on an ultrametric Banach space, 7 using the 
ultrametric inverse function theorem for C fc -maps provided in [23] (cf. [18] 
for weaker results). In the C fc -case, centre-stable manifolds (for finite k) are 
constructed as a-pseudo-stable manifolds with a > 1 close to 1. The latter 
are available through an ultrametric analogue of Irwin's method from [28] 
(cf. also [12]). 

Let us remark in closing that part of the theory becomes nicer and easier 
if the real field is replaced by an ultrametric field. For example, the astute 
reader may have noticed that part (c) in Theorem 1.9 and 1.10 (and also 
Definition 1.5 (b)) would be too much to ask for in the real case. However, 
some other aspects become more complicated in the non-archimedean setting 
(for example, the discussion C fc -dynamical systems). 



5 See [8], [18], [19] and [23] for the basic theory of such functions. For the single- variable 
case, consult [34] and the references therein. 

6 These are also needed to adapt the above Lie-theoretic results to non-analytic C fc -Lie 
groups or non-analytic C^-automorphisms, as constructed in [16]. 

7 With some precautions if k = 1 and the modelling space is infinite-dimensional. 
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2 Preliminaries and notation 

In this section, we fix notation and recall some basic (but essential) facts 
concerning analytic functions between open subsets of ultrametric Banach 
spaces. First of all, let us mention that N := {1, 2, . . .} and No := NU {0} in 
this article. We write Z for the integers and K. for the field of real numbers. If 
/: M — > M and n G N, we write f n '-=f°---°f for the n-fold composition, 
and /° := id M - If / is invertible, we define f~ n := (J^ 1 )". 

Ultrametric Banach spaces. Recall that an ultrametric field is a field K, 
together with an absolute value |.| : K — > [0, oof which satisfies the ultrametric 
inequality. We shall always assume that the metric d:lxl^ [0,oo[, 
d(x,y) := \x — y\, defines a non-discrete topology on K. If the metric space 
(IK, d) is complete, then the ultrametric field (IK, d) is called complete. A 
totally disconnected, locally compact, non-discrete topological field is called 
a local field. Any such admits an ultrametric absolute value making it a 
complete ultrametric field [39]. See, e.g., [34] for background concerning 
complete ultrametric fields. 

An ultrametric Banach space over an ultrametric field IK is a complete normed 
space (E, \\.\\) over K whose norm ||.||: E — > [0,oo[ satisfies the ultrametric 
inequality, ||x + y|| < max{||x||, |||/||} for all x, y G E. The ultrametric 
inequality entails the following domination principle: 

\\x + y\\ — \\x\\ for all x, y G E such that ||y|| < ||x||. (3) 
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Given x G E and r G ]0, oo], we set Bf{x) := {y G E: \\y — x\\ < r}. 

Linear operators. Given an ultrametric Banach space F, we let C(E) be 
the set of all continuous linear self-maps of E. Then the operator norm 
makes C(E) an ultrametric Banach space, and it is a unital K-algebra under 
composition. We write 

GL(E) := £{E) X := {A G C(E): (3B G C(E)) AB = BA = id E } 

for its unit group. 

2.1 The domination principle entails that id E — A is an isometry for each 
A G C(E) of operator norm ||A|| < 1. Moreover, id^ —A is invertible, because 
it is easy to see that the Neumann series YlT=o ^ k provides an inverse for 
id E — A. Then also (id E — A)^ 1 is an isometry. In particular, 

\\(id E -Ay 1 ]] < 1 for all A G C{E) such that \\A\\ < 1. (4) 

See, e.g., [36] for background concerning ultrametric Banach spaces. 

Spaces of homogeneous polynomials. We now discuss continuous ho- 
mogeneous polynomials and analytic functions between ultrametric Banach 
spaces. As we are only dealing with a special case of the situation in [10] 
(our main reference), simpler notation will be sufficient. 

Let (F, \\.\\e) and (F, \\-\\f) be ultrametric Banach spaces over a complete 
ultrametric field IK. If k G No, we let C k (E,F) be the set of all continuous 
A;-linear mappings 13: E k -> F. Thus C°(E, F) = F, and C k (E, F) for k > 1 
is an ultrametric Banach space with norm given by 

llflll f\\P(xi,...,X k )\\F ^Z7\rnl\^rn r 

IIpII := sup <^ - — — — : xi . . . , x k G E \ {0} \ G [0, oo . 

I \\Xl\\E ■ ■ ■ \\Xk\\E J 

If k > 1, we write A k (or Af ) for the diagonal map E — * E k , x i— > (x, . . . , x). 
If k = 0, define A := Af : E -> E° = {0}, x i-> 0. A map p: E -> F 
is called a continuous homogeneous polynomial of degree k if there exists 
P G C k (E, F) such that p = (3 o A fc . We let Pol fe (^, F) be the space of all 
continuous homogeneous polynomials p: E — * F of degree fc. Then 

£ fc (F,F)^Pol fc (F,F), (3^(3oA k 
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is a surjective linear map. We equip Pol fe (E,F) with the quotient norm, 
which makes it an ultrametric Banach space. Thus 

=inf{||/3||: (3eC k (E,F) such that p = (3 o A k } . 

Pullbacks and pushforwards. If Ei, E 2 and F are ultrametric Banach 
spaces and A: E\ — > F 2 is a continuous linear map, we obtain a linear map 

Pol fe (A F) : Pol fe (F 2 , F) -> Pol fc (£i, F) , p^poA. 

Similarly, if E, F 1 and F 2 are ultrametric Banach spaces and B: F\ — > F 2 is 
a continuous linear map, we obtain a linear map 

Pol fc (F, B) : Pol fe (F, Fi) -> Pol fc (F, F 2 ) , p^Bop. 

Lemma 2.2 TTie linear mappings A* : = Pol k (A,F) and F, := Pol fe (F,F) 
are continuous, of operator norm 

\\A*\\ < \\A\\ k and (5) 
||F*|| < ||F||. (6) 

Proof. Let p G Pol fc (F 2 ,F). If /? G £ fc (F 2 ,F) such that p = /3 o Af , then 
J 4*(p)=poA = /3o Af 2 o A = 7 o Af 1 , where 7 := (3 o (A x • • • x A) and 
|| 7 || < \\A\\ k \\j3\\. Thus < and hence \\A*(p)\\ < \\A\\ k \\p\\ 

(passing to the infimum), which entails (5). The proof of (6) is similar. □ 

Analytic functions. Let F and F be ultrametric Banach spaces over a 
complete ultrametric field. Given (pk)kefi e rifceNo ^^(E, F), let p be the 
supremum of the set of all r > such that 

lim |bfc|k fe = . 

Then p is called the radius of strict convergence of the series ^ fcgNo £>fc, and 
Bp(0) its domain of strict convergence. 

A function f:U — > F on an open subset U C F is called (locally) analytic 
if, for each x £ U, there exist (pfc)fceN £ rifeeNo P°l fc (F, F) such that the 
series X^sn Pfc has a positive radius p of strict convergence and there exists 
r G ]0,p] such that Bf (x) C [/ and 

00 

/(a; + y) = J> fc (y) for all y £ Ff(0). 

fc=0 
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We recall that if Ff (0) is the domain of strict convergence of J2T=oPk wr th 
Pk G Pol fc (F, F) (and p > 0), then the corresponding function 

oo 

/:S?(0)-F, /(*):= ][>(*) 

k=0 

is analytic [10, 4.2.4]. It is well-known that compositions of composable 
analytic functions are analytic (see [10, 4.2.3 and 3.2.7]). It is important 
that quantitative information is available: 

Let E, F and H be ultrametric Banach spaces. Assume that the series 
corresponding to {fk)k&h G IlfceNo ^°^ k (F, F) nas radius of strict conver- 
gence pi > and the series corresponding to {gk)km Q £ IlfceNo P°l fe (-^? H) has 
radius of strict convergence p 2 > 0. Let /: F^j(0) — > F and g: -B^(O) — > F 
be the corresponding analytic functions. We assume that /(0) G F^(0) and 
choose r G ]0,pi] such that 

sup{||/ fc ||r fe : A; G N} < p 2 . 

Then [10, 4.1.5] ensures: 

Lemma 2.3 T/iere exists (h k ) ke ^ G n feeNo Pol fe (F, F") suc/i t/iat YlT=o 
has radius of strict convergence at least r, and such that 

oo 

<K/(*)) = forall zeB?(0). 

k=0 

Ultrametric inverse function theorem. The domination principle (3) 
implies that the inverse function theorem over ultrametric fields is much 
nicer than its real counterpart. To formulate the theorem, let us define 

Lip(/) := a »p{ ll/ y- / '' )llf = x e u) e [O.oo] 

if E and F a ultrametric Banach spaces and /: U — > F is a function on a 
subset [/ C F. The function / is called (globally) Lipschitz if Lip(/) < oo. 
If ?7 is open, / is analytic and x G U, we write f'(x): E F for the total 
differential of / at x. The next fact combines [23, Thm. 5.8] and [10, 5.7.6]. 
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Theorem 2.4 (Ultrametric Inverse Function Theorem) Let(E, ||.||) be 
an ultrametric Banach space over a complete ultrametric field, x G E, r > 
and f: Bf(x) — > E be an analytic map. Let A G GL(B) and assume that 
the function f : Bf(x) — > E determined by 

f(y) = f(x) + My-x)+f(y) 

is Lipschitz, with 

ml) < (7) 

Then the following holds: 

(a) f(Bf(x)) is open, f is injective and / _1 : f{Bf{x)) ^ E is analytic. 

(b) f(B?(y)) = f(y) + A.B?(0),forallyeB?(x) andse]0,r]. □ 

Remark 2.5 (a) Condition (b) in Theorem 2.4 means that / behaves on 
balls like an affine-linear map. 

(b) p^rjj can be interpreted as an expansion factor, in the sense that 
\\Ay\\ > p^|b|| for aRyeE. 

(c) Condition (7) means that the remainder term / is dominated by the 
linear map A. 

(d) Condition (7) is automatically satisfied if we take A := f'(x) and choose 
r > small enough, since the analytic map / is "strictly differentiable" 
at x and thus lim s ^ Lip(/|.Bf ( x )) = ( see 4.2.3 and 3.2.4 in [10]). 

Remark 2.6 Let /: B? (0) -> F be analytic, with /(0) = 0. 

(a) If ||/'(0)|| < a, then Remark 2.5(d) and (3) imply that /(£f(0)) C 
-B^(O) for all sufficiently small s > 0. 

(b) In particular, /(Bf (0)) C Bf (0) for small s > if ||/'(0)|| < I. 

(c) If E = F and f'(0) is a surjective isometry, then /(Bf (0)) = Bf (0) 
for small s > and /Ibj^o) is an isometry, by (3), Remark 2.5 (d) and 
Theorem 2.4 (b). 8 

8 In fact, this holds for all s £ ]0,r] such that Lip(/| S E( )) < 1. 
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Manifolds and Lie groups. An analytic manifold modelled on an ul- 
trametric Banach space E over a complete ultrametric field K is defined 
as usual (as a Hausdorff topological space M, together with a (maximal) 
set A of homeomorphisms ( "charts" ) : — > from open subsets of M 
onto open subsets of E, such that M = IJ^g^i U<i> an d the mappings 
4> o are analytic for all <j>,ip G A). Also the tangent space T P M of 
M at p G M, analytic maps f : M —> N between analytic manifolds, and 
the tangent maps T p f: T P M — » Tf^N can be defined as usual (cf. [10]), 
as well as the tangent bundle TM and Tf: TM -> TA. If /: M -> £7 is 
an analytic map to a Banach space, we write df for the second component 
of Tf: TM -> = E x E. An analytic Lie group G over K is a group, 
equipped with an analytic manifold structure modelled on an ultrametric 
Banach space over K, such that the group inversion and group multiplication 
are analytic (cf. [11]). As usual, we write L{G) := Ti(G) and L{pi) := Ti(a), 
if a: G — > if is an analytic homomorphism between analytic Lie groups. 
Let M be an analytic manifold modelled on an ultrametric Banach space E. 
A subset N C M is called a submanifold of M if there exists a comple- 
mented vector subspace F of the modelling space of M such that each point 
p G A is contained in the domain [7 of some chart <f> : U — > V of M such that 
4>(N(~)U) = FdV. By contrast, an analytic manifold A is called an immersed 
submanifold of M if A C M as a set and the inclusion map t: N — > M is 
an immersion. Subgroups of Lie groups with analogous properties are called 
Lie subgroups and immersed Lie subgroups, respectively. 



3 Centre-stable manifolds 

In this section, we prove the Ultrametric Centre-Stable Manifold Theorem 
(Theorem 1.9), and discuss related topics. We first regard the local situation. 

Let (E, ||.||) be an ultrametric Banach space over a complete ultrametric field 
(IK, |.|), such that E = Ei@E 2 as a topological vector space with closed vector 
subspaces E x and E 2 , such that 

\\x + y\\ = max{||x||, \\y\\} for all x G E 1 and y G E 2 . (8) 

Given r > 0, we have Bf(0) = B^(0) x Sf 2 (0), by (8). Let / = (/i,/ 2 ): 
Bf{Qi) -»• E = Ex © ^ 2 be an analytic map such that /(0) = and /'(0) 
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leaves E x and E 2 invariant. Thus 

/'(O) = A@B 

with certain continuous linear maps A: E x — > E\ and B: E 2 ^ E 2 . Let 
a G ]0, 1]. We assume that 

||A|| < a (9) 

and we assume that there exists a right inverse C G C(E 2 ) to B (i.e., BoC = 
id E2 ) such that 9 

> a. (10) 



l|C|| 
Then 

/(x,y) = (Ax,By) + f(x,y) 

determines an analytic map / = (fi,f 2 ): B^(0) — > E" such that /(0) = 
and / '(0) = 0. After shrinking r, we may assume that / is Lipschitz with 

Lip(/) < a (11) 

(see Remark 2.5 (d)), and that 

oo oo 

fi(x,y) = ^a k (x,y) and j 2 (x,y) =^b k (x,y) 

k=2 k=2 

for all x G 5^(0) and G B^ 2 (0), for suitable continuous homogeneous 
polynomials a k : E —> E\ and b k : E E 2 oi degree such that 

lim ||a fc ||r fc = and lim ||6fc||r fe = . 

fc— >oo k^oo 

After replacing /(x) by A _1 /(Ax) with 7^ A G IK sufficiently small, we can 
achieve that 

||a.fc||, ||6jfc|| < 1 for all k > 2. 
After decreasing r, we may assume that 

r<l. (12) 

Then the following holds: 



9 We are only interested in the case where B is invertible, but this hypothesis is not 
needed for the following construction. 
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Proposition 3.1 There exists an analytic function 0: B^(0) — > E 2 with 
the following properties: 

(a) 4>(B^(0)) C B^ifS) and the graph of <f> is f -invariant, more precisely 

/(r s ) C T as C T s for all s G ]0, ar], (13) 
where T s := {(x,<f>(x)): x G -Bf^O)} for s G ]0,ar]; 

(b) 0(0) = and 0'(O) = (whence T( 0i o)(r ar ) = E\); and 

(c) There are continuous homogeneous polynomials c& : E 1 — > E 2 of de- 
gree k with ||cfc|| < a l ~ k and 0(x) = J2T=2 Ck ( x ) f or °^ x e 

If B is invertible, then is uniquely determined. 

Proof. For all integers k > 2, we choose a k G C k (E, E x ) and [5 k G C k (E, E 2 ) 
such that a k = ct k o Af, bk = fik ° Af , and ||a!fc||, ||/?fc|| < 1. 

If is an analytic function of the form described in (c), then 

sup{ || c k || (arf: k>2} < r 

(using (12)) and 0(0) = 0. Hence f{x,<f>{x)) is defined for all x G B^(0) 
and given globally by its Taylor series around (by Lemma 2.3). Now let 
x G Bf^O), where s G ]0, ar]. Then 

1100*011 < INI, 

since ||cfc(x)|| < ||c fc || • \\x\\ k < o}~ k \\x\\ k = (^) fc *|NI < ||x||. Hence 
0(Bf;(O)) C B%(0). Moreover, 0(x))|| °= || Ar + A(x, 0(x)) || < 

a||x|| < as < s (using (11)), and hence 

f(x,<t>(x))er s & f(x,<f>(x)) = (f 1 (x,<f>(x)),<i>(f 1 (x,<i>(x)))) 

& f 2 (xA(x)) = <P(fi(x,<P(x)))- (14) 

We mention that also the right hand side of (14) is given on all of 5^(0) 
by its Taylor series around 0, because the homogeneous polynomials rfj of 
the Taylor series of fi o (id, 0) around vanish if j = and have norm 
ll^ill < a 2 ~ j if j > 1 (as will be verified in (22)), whence \\rjj\\ (ar) j < ar 
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and so Lemma 2.3 applies. Hence the validity of (14) for all x G B^(0) is 
equivalent to an identity of formal series: 

B(c 2 (x) + c 3 (x) + •••) + b 2 (x, c 2 (x) + •••) + h(x, c 2 (x) + ...) + ... 

= c 2 (Ax + a 2 (x, c 2 (x) + c 3 (x) H ) + a 3 (x, c 2 (x) H ) H ) 

+ c 3 [Ax + a 2 (x, c 2 (x) + c 3 (x) H ) + a 3 (x, c 2 (x) H ) H ) 

+ ••• (15) 

Comparing the lowest order term (of second order) on both sides, we see that 

Bc 2 (x) +b 2 (x,0) = c 2 (Ax) 

is required, which can be rewritten as (£>* — A*)(c 2 ) = — fe 2 («, 0) or 

S,(id-C,^*)(c2) = -62(.,0), (16) 

writing A* := Po\ 2 (A,E 2 ), B* := Pol 2 (E U B) and C* := Pol 2 (£i,C) as in 
Lemma 2.2. Since \\C*A*\\ < ||C|| • ||A|| 2 < ||C|| • ||A|| < 1 by Lemma 2.2, 
using 2.1 it follows that id -C* A* is invertible and || (id — C^A*) -1 1| < 1. Thus 

c 2 := (id-CUT'CU-^M)) G Po\ 2 (E 1 ,E 2 ) 

has norm ||c 2 || < ||C*|| • ||6 2 (.,0)|| < ||C|| < -. Moreover, (16) holds for this 
choice of c 2 , and if B is invertible, then c 2 is determined by (16). 

Let n > 3 now and, by induction, suppose that we have already found 
c k G Pol fc (i? 1 , E 2 ) for k = 2,...,n— 1 such that ||c fe || < a 1 ^ k and (15) 
holds up to order n — 1 if these c 2 , . . . , c„„! are used (and that these are 
unique if B is invertible). For k — 2, . . . , n — 1, let 7& G C k (Ei, E 2 ) such that 
Ck = 1k° Af 1 and ||7fc|| < a 1_fe . Define 71 (x) := x for x G -Ei. Identifying £"i 
with the vector subspace £1 x {0} of i? and E 2 with {0} x i? 2 , the previous 
maps take x to (0, 7fc(x)) and (x, 0), respectively. 

Define A* := Po\ n (A,E 2 ), B* := Po\ n (E u B) and C* := Poi n (£i, C). The 
n-th order term of (15) then reads 

£*(c n )+r„ = A*(c n ) + s n (17) 

with 

n 

fc = 2 ii,-,i fc eN 

JlH h?' fc =n 
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and 

n— 1 



S n = J2 7k ° fail, (19) 

where r\\\— A and 



fc = 2 ii,-j fe eN 

JiH h?'fc=™ 



^ = a < ° (7ii, • • • , lit) (2°) 

<?=2 ii,...,^6N 
UH He=j 

for j = 2, . . . , n — 1. For j 1; . . . ,j k as in (18), we have 

WPk o (7,1 x • • • x 7j J|| < \\(3 k \\ ■ a 1 ^ ■ ■ ■ a 1 ^ < a k ~ n < a 2 ~ n . 
Since (3 k o (7^, . . . , 7,- J = (3 k o (7^ x ••• x 7J0 Af 1 , we conclude that 

IKH < a 2 "". (21) 
Likewise, the norm of each summand in (20) is < a £ ~ J < a 2 ~ J , and thus 

11% II < a 2 ~ j ■ (22) 

Consequently, the norm of each summand in (19) is at most || 7 fc|| ■ a 2k ~ n < 
a i-k a 2k-n _ a k-n+i < a 2 ~ n _ Therefore, 

K|| < a 2 ~ n . (23) 
In view of Lemma 2.2, (4), (21) and (23), 

c n := (id-CU*)- 1 ^^ - r n ) G Po\ n (E l ,E 2 ) 

is a solution to 

(-B* - A*)(c n ) = B*(\d-C*A*){c n ) =s n -r n 

(an hence to (17)), of norm ||c n || < ||C|| • a 2 ~ n < a l ~ n . If B is invertible, 
then — A* = £>*(id — (i? -1 )^*) is invertible, entailing that c n is uniquely 
determined by (17). □ 
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Proof of Theorem 1.9. 



3.2 Let E := T p (M) and k: P -> U C £ be a chart of M around p such 
that = and d«(0) = idg. Let Q C P be an open neighbourhood of p 
such that f(Q) C P; after shrinking Q, we may assume that = B^(0) 
for some r > 0. Then g := no f\q o « -1 |.bjs(o) : B^(0) — > £ expresses /|q in 
the local chart «. 

(a) Let E = Ei ® E 2 , with the norm ||.||, be the decomposition of E 
into an a-centre-stable subspace E 1 and an a-unstable subspace E 2 with 
respect to a := T p (f) = g'(0) (as in Definition 1.4). Applying Proposition 
3.1 to g (instead of /), we see that, possibly after shrinking r, there is an 
analytic map 0: B^(0) — > B^?(0) as described there. Then the graph T ar 
of is a submanifold of B^(0) tangent to E\ at 0, and hence A" := K; _1 (r aj .) 
is a submanifold of Q (and hence of M ) tangent to T p (M) a cs at p. Now 
fi^ar) ^ T ar , where T ar is a submanifold and g is analytic. Hence g restricts 
to an analytic map T ar — > r ar . Thus / restricts to an analytic map N — > AT. 

(c) Let yu: — ► 5^(0) be a chart of iV around p such that /x(p) = and 
dfj,{p) = id^j. There exists a G ]0,r] such that ft := p/o is defined 
on all of 5^(0). Since /i'(0) = T p (f\ N ) =: A with \\A\\ < a, Remark 2.6(a) 
shows that h(B^(0)) C B%(0) C Sf^O) for all s G ]0,<r], after possibly 
shrinking a. Moreover, we may assume that fl s := /i _1 (i?f' 1 (0)) is a subman- 
ifold of M for each s G ]0,er] (after shrinking a further if necessary). Then 
the sets Q s with s G ]0, a] form a basis of open neighbourhoods of p in TV, 
and each of them is an a-centre-stable manifold and a submanifold of M. 

(b) Let A^ (and other notation) be as in the proof of (a) and N± be any 
a-centre-stable manifold. Write g = (<7i, #2) = </(0) + g- B^(0) — > E x © £2, 
where Lip(p) < a and #'(0) = A © B with ||A|| < a and > a. Then 
FfliVi is an immersed submanifold of P tangent to E\ and hence, after 
replacing N\ by an open subset of Ni (justified by (c)), we may assume 
that Ni is a submanifold of P. Since k(Ni) is tangent to E\ at G £, the 
inverse function theorem implies that k(Ni) is the graph of an analytic map 
ip: W — > £" 2 on some open 0-neighbourhood C B^iO), with ^(0) = 
and tp'(0) = (after shrinking Ai if necessary). By Remark 2.5 (d), we may 
assume that Lip(^) < 1. Then yU := pr 1 on\ Nl is a chart for Ni such that 
/x(0) = and d/x(p) = id^ (where pr x : E\ © E 2 — > £"i). Hence, by the proof 
of (c), there exists a G ]0,r] such that 5^(0) C W 

g(Q,) Q ©as for all s G ]0,a], 
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where <d s := {(x,ip(x))\ x G 5^(0)} for s G ]0, cr]. After shrinking a and 
conjugation with a homothety if necessary, we may assume that ip is given 
globally by a power series and satisfies conditions analogous to (b) and (c) 
in Proposition 3.1. After replacing r and a with min{r, cr}, we may assume 
that r = a. Then <p = ^l^i^) (by the uniqueness part of Proposition 3.1), 
and hence iV is an open submanifold of N±. □ 

Remark 3.3 We mention that E s>cs in Definition 1.4 is uniquely determined. 
In fact, E ajCS is the set of all x G E such that o~ n ||o; n (x)|| is bounded for the 
specified (and hence any compatible) norm. If a is invertible, then also E atU 
is unique, because E au is the c-centre-stable subspace with respect to a" 1 in 
this case, for each c G ]||o!j 1 ||, ^[. Also note that = and E a>n = E^ u 
for all positive real numbers b G [| Oil || , j. — =Tj7 I • 



4 Centre manifolds 

In this section, we prove the Ultrametric Centre Manifold Theorem. 

Proof of Theorem 1.10. Since E := T P (M) admits a centre subspace 
with respect to T p (f), we have a decomposition E = E s © E c © E u and 
corresponding norm ||.||. 

(c) Let iV C M be a centre manifold around p with respect to /. Or, more 
generally (for use in the proof of (a)), let N C M be an immersed submanifold 
containing p which is tangent to T p (M) c = E c at p, and assume that p has 
an open neighbourhood P C N such that f(P) C and /|p: P — > AT 
is analytic. Let If C iV be a given neighbourhood of p. We choose a 
chart V -> Bf c (0) of TV around p such that 7 C ^ n P, /x(p) = 
and d/x(p) = id Ec . There exists a G ]0,r] such that /(^ -1 (B^(0))) C V. 
Then /i := // o / o /i" 1 defines an analytic map -&f c (0) — > E c , such that 
/i'(0) = T p (/)|£ c is a surjective linear isometry. Remark 2.6(c) shows that 
h(B^(0)) = Bf° (0) for all s G ]0,a] and h\ B E c(Q) : Bf c (0) -> Sf c (0) is an 
analytic diffeomorphism, after possibly shrinking a. By the same token, we 
may assume that fl s := /i _1 (i?f c (0)) is a submanifold of M for each s G ]0, cr]. 
Then the sets il s with s G ]0, cr] form a basis of open neighbourhoods of p 
in N, and each of them is a centre manifold around p with respect to /, a 
submanifold of M, stable under /, and /|n s : fi s — > fi s is a diffeomorphism. 

(a) After shrinking M and M , we may assume that Mi := f(M ) is open 
and / an analytic diffeomorphism onto M ± . Observe that E S Q)E C is a centre- 
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stable subspace with respect to T p (f), and E C ®E U is a centre-stable subspace 
with respect to T p (/ _1 ) = T p (/) _1 . Hence Theorem 1.9 provides a centre- 
stable manifold Ni around p with respect to /, and a centre-stable manifold 
N 2 around p with respect to f^ 1 : M\ — > M, which are submanifolds of M. 
Since Ni and N 2 are transversal at p, after shrinking iV 2 , we may assume 
that Ni fl A" 2 is a submanifold of A' - ! and hence of M (retaining that N 2 is 
a centre-stable manifold by means of Theorem 1.9 (c)). After shrinking N 2 
further if necessary, we may assume that S := f _1 (N 2 ) is open in N 2 and 
that / _1 |iV2 : N 2 ^ S is a diffeomorphism (by the inverse function theorem 
and Theorem 1.9 (c)). Define P := N t n S. Then /(P) C JVi n N 2 and since 
A" := Nx fl A" 2 is a submanifold of M , the restriction of / to a map h: P ^ N 
is analytic. By the proof of (c), there exists an open subset AC jV which is 
a centre manifold around p with respect to /. 

(b) can be proved like Theorem 1.9 (b) once we know that also centre 
manifolds can be described as the graph of a unique power series in a given 
chart (the simple adaptation of the argument is left to the reader). The 
following proposition shows that such a description is always possible. □ 

We first fix the setting. 

4.1 We consider an ultrametric Banach space E over a complete ultrametric 
field (IK, |.|) and an automorphism a: E — > E for which there exists a centre 
subspace E 2 C E. We let E x be the stable subspace, E 3 be the unstable 
subspace and |.| be an ultrametric norm on E = E\ © E 2 © E 3 as described 
in Definition 1.5. Thus a = A® B @ C in terms of automorphisms of E\, 
E 2 and E$, respectively. Let r > and / = (/1, f 2 , ^3) : B^(0) — > E be an 
analytic mapping such that /(0) = and /'(0) = a. Thus 



with an analytic function / = (fi,f 2 ,f3): Bf(0) — > -E such that /(0) = 
and /'(0) = 0. After shrinking r, we may assume that / is Lipschitz with 



f(x, y, z) = (Ax, By, Cz) + f(x, y, z) 



Lip(/) < 1 . 



(24) 



We may also assume that fi(x, y, z) = ^^=2 a k( x i Hi z )i 



(X! 




and 




k=2 



k=2 
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for all x G B^(0), y G B^ 2 (0) and z G B^ 3 (0), for suitable continuous 
homogeneous polynomials a^: E — > Ei, b k : E — > £" 2 and : £" — > £"3 of 
degree A; such that 

lim ||afc||r fc = , lim ||o fc ||r fe = and lim ||cfc||r fe = . 

k^oo k^oo fe^oo 

After replacing /(x) by X^ 1 f(\x) with 7^ A G IK sufficiently small, we can 
achieve that 

||MI> ||cfc|| < 1 for all k > 2. 
After decreasing r, we may assume that r < 1. Then the following holds: 

Proposition 4.2 in the setting of 4.1, t/iere exists a unique analytic function 
= (0i, 3 ) : 5f 2 (0) £1 x £ 3 witt properties (a)-(c): 

(a) /(r t ) C T r /or some t G ]0,r], w^ere {(0i(y), y, 3 (y)) : V e 5 f 2 (0)} 
=:r,/ O rse]0,r]; 

(b) 0(0) = and 0'(O) = (whence T (T r ) = E 2 ); and 

(c) There exist continuous homogeneous polynomials dk'- E 2 — > £"i and 
e k :E 2 ->E 3 of degree k with ||4||,||e fe || < 1 and<f>(y) = Y.T=2( d k(y) , e k (y)) 
for all ye Sf 2 (0). 

Moreover, 0(5^(0)) C £f lxEa (0) and /(r s ) = r s , for all s G ]0,r]. 

Because the proof of Proposition 4.2 is very similar to that of Proposition 3.1, 
we relegate it to an appendix (Appendix A). Note that Proposition 4.2 also 
provides a second (more involved) proof for the existence of centre manifolds. 
The above transversality argument can be re-used nicely in the C fc -case. 

Remark 4.3 E a>s , E a c and E a u are uniquely determined in the situation of 
Definition 1.5 (if they exist). In fact, E a>s (resp., E a u ) is the set of all x G E 
such that a _n ||a n (x)|| — > as n — > 00 (resp., as n — > —00), and E ac is the 
set of all x G E such that {a _n ||o; n (x)|| : n G Z} is bounded. 
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5 Mappings between sequence spaces 

We now prove some basic facts concerning Banach spaces of sequences and 
non-linear mappings between them. They will be used later (in Section 6) 
to construct local a-stable manifolds. 

For the moment, let (K, |.|) be a valued field. 

Definition 5.1 If (E, ||.||) is a normed space over K and a a positive real 
number, we let S a (E) be the set of all sequences (x„) nG N i n E such that 
lim n ^oo o _n ||x n || = 0. Clearly S a (E) is a vector subspace of E N °, and 

||x|| a := max{ cT n 1 1 £ n 1 1 : n G N } for x = (x n ) neNo G S a (E) 

is a norm on S a (E). Given a subset U C E, we write 



Remark 5.2 The following assertions are obvious: 

(a) If" | . | and |.| are ultrametric, then also ||.|| a is ultrametric. 

(b) If E is a Banach space, then also S a (E) is a Banach space. 

(c) If a G ]0, 1], then lim^ooXn = for all x = (x„) neN() G S a (E). 
Our first lemma compiles various basic facts. 

Lemma 5.3 Let (E, \\.\\e) be a normed space over (K, |.|) and a > 0. 

(a) The left shift A: S a (E) S a {E), X(x) := (x n+ i)„ eNo forx = (x n ) neNo G 
S a (E), and the right shift p: S a (E) — > S a (E), p(x) := (0,x ,Xi, . . .) are 
continuous linear maps, of operator norm 



(b) For each m G No, the maps n m : S a (E) — > E, x = (x n ) ne ^ h- > x rn 
and ji m : E — > S a (E), /i m (x) := (0, . . . , 0, x, 0, 0, . . .) (with m zeros at 
the beginning) are continuous linear, of operator norm ||vr m || < a m and 



S a (U) := {x = (x n )„ eNo G S a (E): (Vn G N ) x n G 



||A||<a and ||p|| < a 



-i 



(25) 




< a 



— m 
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(c) For each m G N, the map S a (E) — > E m x S a (E), 

(^n)nGNo ^ {(X , Xi , . . . , X m —i) , (^m+ti)n£fJo) 

«s an isomorphism of topological vector spaces. 

(d) If a & ]0, 1] and U C E is an open -neighbourhood, then S a (U) is an 
open -neighbourhood in S a (E). 

(e) // a/so (F, ||.||f) is « normed space over K, egrop E (B F (which we 
treat as an internal direct sum) with the maximum norm, \\x + y\\ := 
mw{\\x\\ E ,\\y\\ F } forx eE,yeF. Then S a (E © F) = S a (E) ®S a (F) 
and \\x + y\\ a = max{||x|| a , \\y\\ a } f° r a ^ x £ <S a (E) and y G S a (F). 

Proof, (a) Given x = (x n ) neNo G 5 a (£), 

a~ n ||A(x) n || = a _Tt ||x Tt+1 || = a • a~ (n+1) ||x n +i|| < a\\x\\ a 

for each n G N . Hence ||A(x)|| a < a||x|| a and thus ||A|| < a. The second 
assertion can be shown analogously. 

(b) For x = (x n ) neNo , we have ||7r m (x)|| B = \\x m \\ E = a m a~ m \\x m \\ E < 
a m ||x|| a . Hence ||7r m || < a m . If x G E, then ||/x m (x)|| a = a _m ||x||s and thus 
\\/i m \\ < a~ m . 

(c) Using the continuous mappings introduced in (a) and (b), the map in 
question can be written as $ = (n , . . . , 7r m _i, A m ). It therefore is continuous 
linear. For j G {0, . . . , m — 1}, let pr^- : E m x S a (E) — > E be the projection 
onto the j'-th component (which we count starting with 0). Moreover, let 
pr m : E m x S a (E) — > S a (E) be the projection onto the final component. 
Then \1> := Ylf=o ° P r j +P m ° pr m is continuous linear (by (a) and (b)), 
and it is easy to see that <3> and \1/ are the inverse mappings of one another. 

(d) Let x = (x n )neNo £ S a (U). There is s > such that Bf(0) C [/, and 
m G N such that a _n ||:r n ||.E < s for all n > m. Then || (x m+ i +n )„ G N || a = 
a m+1 max{a~ n ||;c n ||£ : n > m} < max{a~ n \\x n \\E '■ n > m} < s. Hence 

is an open neighbourhood of x, identifying S a (E) with 
£ m+1 x «S a (£) (as in (c)). Since U m+1 x Bf a{E) (0) C <S a (C7) and x was 
arbitrary, it follows that S a (U) is open. 

(e) follows from the fact that the maximum of max{a~™||x n ||^ : n G No} 
and max{a _n ||?/ n ||^ : n G No} coincides with the maximum of the numbers 
a" n max{||x n || jB , H^Hf}, for n G N . □ 

Various types of maps operate on sequence spaces. 



25 



Lemma 5.4 Let (E, || .\\ E ) and (F,\\.\\ F ) be normed spaces over K and a > 0. 

(a) If U C E is a subset such that G U and f : U — > F is a Lipschitz 
map such that /(0) = 0, then S a (f)(x) :— (f(x n ))neN £ Sa(F) for all 
x = (x n ) ne fq G S a (U), and the map S a (f) : S a (U) — > S a (F) so obtained 
is Lipschitz, with Lip(<S a (/)) < Lip(/). 

(b) Ifa:E—>Fis continuous linear, then S a (a)(x) := (oi(x n )) ne ^ G S a {F) 
for all x = (x n ) n€ ^ G S a (E), and the map S a (a): S a (E) — > S a (F) so 
obtained is continuous linear, of operator norm \\S a (a)\\ < \\a\\. 

(c) If a £ ]0, 1] and p: E — > F «s a continuous homogeneous polynomial 
of degree k G N, t/ien «S a (p)(x) := (p(x n )) neNo G «S a (F) /or a// x = 
(2 ; n)nGN ^ S a (E) , and the map S a (p) : S a (E) — > S a (F) so obtained is a 
continuous homogeneous polynomial of degree k, of norm ||«S a (p)|| < ||p||. 

Proof, (a) Given x = (x n ) neNo and y = (y„) ne N m S a (U), we have 
a_n ||/(^n) - f(y n )\\F < a _n Lip(/)||x„ - y n \\ E for each n G N , showing that 



S a {f){x) - S a {f){y) G S a {F) and ||5 a (/)(x) -5 B (/)(y)|| a < Lip(/)||x-y 



Taking y — 0, we obtain that S a (f)(x) G S a (F). Thus <S a (/) makes sense, 
and it is Lipschitz of constant < Lip(/) by the preceding estimate. 

(b) By (a), S a (a) makes sense. Since, apparently, the map S a (a) is linear, 
its Lipschitz constant (estimated in (a)) coincides with its operator norm. 



(c) Let p G C k {E, F) such that p = (3 o Af . Write A k for the diagonal 
map S a (E) — > S a (E) k . Given x 1 ,...,x k G S a (E) with x^ = (x J n ) n£ ^ , we 
define B(x 1 , . . . ,x h ) := (/3(x*, . . . ,x£)) n6No . Then 



Since the right hand side in (26) tends to as n — > oo, we have B{x 1 , . . . x k ) G 
5 (F). Then S is fc-linear and 5: S a (E) k -> <S a (F) has norm at most ||/?||, 
because (27) implies that ^(x 1 , . . . , x fc )|| a < ■ Hx 1 ^ • • • ||x fe || . Since 



Proposition 5.5 Let E and F be ultrametric Banach spaces over a complete 
ultrametric field K. and f:U — > F be an analytic mapping on an open 0- 
neighbourhood U C E, such that /(0) = 0. Let a G ]0, 1]. TTien 



a- n \\(3(x 




(26) 
(27) 



<S a (p) = B o A fe , the assertion follows. 



□ 



<S a (/)(x) := (/(x n )) n6No G S a (F) 
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for all x = (a;n)neNo £ <S a (U), and the map 

S a (f):S a (U)^S a (F) 

so obtained is analytic. 

Proof. There are s > and polynomials p k £ Po\ k (E, F) for fc £ N such that 
lim^oo \\ Pk \\s k = 0, Bf (0) C [/ and /(a;) = £^=1^) f o r all a; £ Sf (0). 
Then S a {pk)'- <S a (E) — > S a (F) is a continuous homogeneous polynomial for 
each /c £ N (by Lemma 5.4(c)). Since, moreover, ||<S (pfc)|| < \\pk\\, we see 
that limfc^oo ||<S (pfe)||s A: = 0. Then YlT=i ^a(Pk) defines an analytic function 
Bs a{E) {0) -> S a (F) (by [10, 4.2.4]). Since this function coincides with 

h := S a (f)\ B s a (E )(0) , (28) 

we see that S a (f) is analytic on Bf a ^ E \o). 

Now let x = (x n ) neN{) £ S a (U) be arbitrary. There is m £ N such that 
a _n ||^n|U < s for all n > m. Identifying S a (E) with E" m+1 x S a (E) (as in 
Lemma 5.3 (c)), we may consider Jj m+1 x Bf a ^ E \o) as an open neighbourhood 
of x in S a (U). Considered as a mapping 

^m+l x B S a (E)^ _^ pm+1 x S ^ ^ s ^ ^ 

<S a (/) coincides with the analytic map / x • • • x / x h (which involves m + 1 
factors / at the beginning, and the map h from (28)). Thus S a (f) is analytic 
on an open neighbourhood of x and hence analytic (as x was arbitrary). □ 



6 Construction of local stable manifolds 

We construct local stable manifolds by an adaptation of Irwin's method. 

6.1 Let (E, ||.||) be an ultrametric Banach space over a complete ultrametric 
field (IK, |.|), such that E = E 1 © E 2 as a topological vector space with closed 
vector subspaces E x and E 2 , and such that 

||x + y\\ — max{||x||, \\y\\} for all x £ E ± , y £ E 2 . (29) 

We interpret E also as the direct product E\ x E 2 , in which case its elements 
are written as pairs (x,y). Given r > 0, we have B^(0) = Bf 1 ^) x Bf 2 (0), 
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by (29). Let / = f 2 ) : Bf(0) — > E — E ± x £" 2 be an analytic map such 
that /(O) = and /'(O) leaves £"i and i? 2 invariant. Thus 

/'(O) = A©5 

with certain continuous linear maps A: E\ — > and 5: E 2 — > i?2- Let 
a G ]0, 1]. We assume that 

P||<a (30) 
and we assume that 5 is invertible, with 

>a. (31) 



US- 
Then 

f(x, y) = (Ax, By) + f(x, y) 

determines an analytic function / = (/i, f 2 ) : Bf{jS) — > i? such that /(0) = 
and /'(0) = 0. By Remark 2.5(d), after shrinking r if necessary, we may 
assume that / is Lipschitz with 

Lip(/)<a. (32) 

Then we have: 

Theorem 6.2 In the situation of 6 A, the set 

T := {ze Sf(0): f n (z) is defined and a- n ||/ n (z)|| < r for 

aline N , and]im n _ 00 a- n \\f n (z)\\ = 0} (33) 

has the following properties: 

(a) f(T) C T, i.e., T is f -invariant. 

(b) T is the graph of an analytic map <ft: Bf 1 ^) — > Bf 2 (Q) with (f)(0) = 
and 4>'(0) = (and hence T Q T = E\). 

Moreover, the following holds: 

(c) <f) is Lipschitz, with Lip(0) < 1. 

(d) T is independent of the choice of a such that \\A\\ < a < pprjj and 
Lip (/) < a. 
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(e) Fr\Bf(0) is f -invariant for each s G ]0, r] and has properties analogous 
to those of T described in (33) and (b) if we replace r with s there. 

(f) For each b > such that \\A\\ < b < ppTij and Lip(/) < b, we have 

T = {zeBf(<d):f n (z) is defined and \\f n (z)\\ < b n r for all n G N } 
= {zeB?(0): f n ( z ) is defined and \\f n (z)\\ <b n \\z\\ for allneN }. 

(g) ||/(2;)|| < c||z|| for each z G T, where c := max{||yl|| , Lip^)} < a. 

(h) // A is invertible and Lip(/i) < p=rj] > then f(T) is open in T and 
f\r~- T — * f(T) is a diffeomorphism. 

Proof, (a) is obvious from the definition of T. 

(b) Identifying S a {E) with S a {Ei) x S a {E 2 ) as in Lemma 5.3 (e), we can 
write elements z = (z n ) ne ^ G S a (E) in the form z = (x,y) with x = 
MneNo e SaiEi) zndy = {y„)„ e n Q G S a (E 2 ). We abbreviated := B? a(E \o) 
and consider the map g:U^> S a (E) taking z = (z n ) ne ^ G U with z n = 
(x n , Vn) to the sequence g(z) with n-th entry 

a(z) -{ (0, B~\ yi - f 2 (zo))) ifn = 0; 

Mn ' \ (h(z n -i),B-\y n+1 -f 2 (z n ))) if n>l l " J 

for n G No- Then g(0) = 0. Using the right shift p on S a (Ei), the left shift A 
on S a (E 2 ) and the projection pr 2 : E = E\ © E 2 — > £2, we can write g as 

5 = ( P o5 a (/ 1 ),5 a ( J B- 1 )o(Ao5 a (pr 2 )-5 a (7 2 ))). 

In view of Lemma 5.3 (a) and (e), Lemma 5.4(a) and Proposition 5.5, this 
formula shows that g is analytic and Lipschitz with Lip(g) < 1. Then 

G := id u -g: U 

is an analytic diffeomorphism and an isometry, by the Ultrametric Inverse 
Function Theorem (Theorem 2.4) and the domination principle (3). Now 

w: B^(0)^U, w(x) := G' 1 ((x, 0), (0, 0), . . . ) 

is an analytic map such that (id u —g)(w(x)) = G(w(x)) = ((x, 0), (0, 0), . . .) 
and thus 

w(x) = ((x,0),(0,0),...)+g(w(x)) (35) 
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for all x G Bf 1 ^) . Comparing the 0-th component on both sides of (35), we 
see that w(x) = (x, 0) + (0, B~ 1 (pr 2 (w(x)i) — f 2 (w(x) ))) and thus 

w(x) = (x,(j)(x)) , 

where 4>: Bf l (ti) — > Bf 2 {fS) is the analytic function given by 

<f>{x) := B-^pr^wix^) - f 2 (w(x) )) . (36) 

Then (p(0) = 0, and since 

g'(0) = (p o S a (A) o 5 a (p ri ), S a (B~ 1 ) o A o 5 a (pr 2 )) = D 1 © D 2 

with D 1 := po S a (A) G C(S a (E 1 )) and D 2 := Sa^ 1 ) o A G C(S a (E 2 )) of 
operator norm < 1 (cf. proof of Proposition 5.5), we have 

oo 

(G _1 )'(0) = (G'(O))- 1 = (id -(£>! © D,))- 1 = id + D i © ^2 

k=l 

and thus w'(0).y = (G' 1 )' (0) . ((y , 0), (0,0), . . .) = ((y, 0), (Ay, 0), (A 2 y, 0), . . .) 
for all y E Ei, entailing that 

0'(O) = O. 

We claim that w(x) is the f -orbit of w(x)q = (x, 4>(x)), for each x G B^ifS). 
If this is true, then w(x) G U implies that a~ n \\f n (x, <f>(x))\\ = a~ n \\w (x) n \\ 
is < r and tends to as n — > oo, showing that (x, <f>(x)) G T and hence 

graph (0) C T . 

To prove the claim, we need only show that w(x) n+ i = f(w(x) n ) for each 
n G No (because w(x)q = (x,4>(x))). Looking at the second component of 
the entry in (35) indexed by n and the first component of the entry indexed 
by n + 1, we see that 

pr 2 (w(x) n ) = 5 _1 (pr 2 (w(a;) n+1 ) - f 2 (w(x) n ) (37) 

and pr 1 (iy(x) n+ i) = fi(w(x) n ). Multiplying (37) with B, we obtain 

Bpr 2 (w(x) n ) = pr 2 (w(x) n+1 ) - J 2 {w(x) n ) , 

whence pr 2 (w(x) n+1 ) = B pr 2 (w(x) n )+f 2 (w(x) n ) = f 2 (w(x) n ). Thus w(x) n+1 = 
f(w(x) n ), confirming the claim. 
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For a full proof of (b), it only remains to show that T C graph(0). To prove 
this inclusion, let z = (x ,yo) G T. Then z := (f n (zo))neN £ U (since 
a" n ||/ n (-2o)|| < r and a - n \\f n (z n ) || -> by definition of T). We claim that 

z = ((x o ,0), (0,0),... ) + </(*)■ (38) 

If this is true, then = z — g(z) = ((xo, 0), (0, 0), . . .) and hence 2; = 

G _1 ((xo, 0), (0, 0), . . .) = w(xo). As a consequence, z = w(x )q = (x , (f)(x )) 
and thus z G graph(0). To prove the claim, note first that pr 1 (z ) = x , 
which is also the first component of the 0-th entry of the right hand side 
of (38). Given n G N, equality of the first component of the index n entry of 
the sequences on the left and right of (38) means that 

pri(Zn) = fl(Zn-l) , 

which is valid since z n = f n (z ) = f(f n ^ 1 (z )) = f(z n -i). Next, we use 
that pr 2 (zn) = pr 2 (/(z n _i)) = Spr 2 (^ n _i) + f 2 (z n -i), whence 5pr 2 (z n _i) = 
pr 2 (z n ) - f 2 (z n -i) and hence 

pr 2 (z n _i) = B~ l (pr 2 (z n ) - fcizn-!)) . 

Therefore the second components of the (n — l)st entries of the sequences on 
the left and right of (38) coincide. As n was arbitrary, (38) holds. 

(c) Given x, y G 5^(0), we have 

\\(f)(x)-(f)(y)\\ < \\(x,(j)(x))-(y,(j)(y))\\ = \\w(x) -w(y) \\ < \\w(x)-w(y)\\ a 
= \\G~\(x, 0), (0, 0), . . .) - G-\(y, 0), (0, 0), . . .) || a 
= ||((a;-y,0),(0,0),...)|| o = \\x-y\\, 

using that G is an isometry. 

(d) Let b be a real number such that \\A\\ < b < and Lip(/) < b; 
after interchanging a and b if necessary, we may assume that b < a. Let 
T' be the set of all z G Bf (0) such that f n (z) is defined for all n G N , 
b- n \\f n (z)\\ < r and b" n \\f n (z)\\ -> as n -»• 00. Then also a- n ||/ n (z)|| < r 
and a~ n ||/ n (2;)|| — > 0, whence z G T. Thus T' C T. Since each of T' and T is 
the graph of a function on the same domain (by (b)), it follows that r = V. 

(e) Given s G ]0,r], let T s be the set of all z G Bf(0) such that (f\ B E (0) ) n (z) 
is defined for all n G No, a _ri ||/™(2;) || < s, and a~ n ||/ n (,2) || — > as n — > 00. 
Applying (b) to /|bs(o) instead of /, we find that Y s is the graph of a function 
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if>: -Bf^O) -> Sf 2 (0). Since T s C T, it follows that ^ is the restriction of 
to 5^(0) and T fl Bf(0) = T s . Since T s has been obtained in the same way 
as r, it has analogous properties. 

(f) After replacing a by an element in ]b, iig-iii [ (which is legitimate 
by (d)), we may assume that b < a < pprjj ■ Given z G T, let c G ]6, yg-iy [ 
and s G ]||z||, r]. Then z G T s (by (e) and its proof), and since the latter can 
be obtained using c in place of a (by (d)), it follows that ||/ n (.z)ll < c n s for 
each n G N . Letting c — > 6 and s — >• it follows that ||/ n (.z)|| < & n ||^|| 
for each n 6 No. Hence z belongs to the final set described in (f). This set, 
in turn, is a subset of the penultimate set occurring in (f) (as is clear from 
the definition of these sets). To complete the proof, let z G B^(0) be in the 
penultimate set; thus f n (z) is defined for each n G N and ||/ n (.z)|| < b n r, for 

each n G N . Then a - n \\f n (z) \\ < where J < 1. Thus a- n ||/ n (^) || < r 

and a~ n ||/ n (2)|| — > 0, whence z G T. Therefore all three sets in (f) coincide. 

(g) For each z = (x, 4>(x)) G T, we have 

||z|| = max{||x||, ||0(x)||} = ||x|| , (39) 

because 0(0) = and Lip(0) < 1 (by (c)). Since f(z) G T by (a), we 
deduce thatj[/(z)|| = 0(/i(*)))[L = \\fi(z)\\ = \\Ax + h{z)\\ < 

max{||Ax||, ||/i(*)||} < c||x||, using that \\h{z)\\ < U V (h)\\z\\ = Lip(A)||x||. 

(h) The map kTh 5^(0), (x,y) i— > x is a global chart for the sub- 
manifold T of E, with inverse k^ 1 : 3^(0) — > T, a; i— > (x, (f>(x)). The map 
no f ok- 1 : B^(0) -> Ex takes a: G £^(0) to 

(k o / o re -1 )^) = /i(ar, 0(x)) = Ax + /i(x, 0(x)) 

with Lip(/!o(id, 0)) < Lip(/i) < p^rir- By the Ultrametric Inverse Function 
Theorem (Theorem 2.4), no f o k~ 1 has open image and is a diffeomorphism 
onto its image, from which the assertion follows. □ 

Remark 6.3 Note that the mere existence of an analytic function with 
graph(0) C T remains valid if B is not invertible, but merely admits a right 
inverse C such that > a (simply replace B^ 1 by C in the proof of (b)). 
However, if B is not invertible, it can happen that graph(0) is a proper subset 
of r (as the following example shows). Thus Wells [40] was mistaken when 
he thought that equality can always be achieved in his Theorem 1. 
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Example 6.4 Let I be a complete ultrametric field, a := |, E\ := {0}, 
A := 0, E := E 2 : = c := Si(K), and / := 5 := A be the left shift on c , 
which admits the right shift C := p as a right inverse, with m^tm = 1 > a. 
Then, for any r > 0, the set T defined in (33) coincides with the ball 
B r (0), which certainly is not the graph of a function on E\ = {0}. The 
same pathology occurs if we replace K by the field R of real numbers. 

As a first step towards Theorem 1.3, we now use the preceding results to 
construct local a-stable manifolds for locally defined maps on a manifold. 

Definition 6.5 In the situation of 1.6 (with a E ]0, 1]), assume that T p (f) 
is a-hyperbolic. We call an immersed submanifold N C M a local a-stable 
manifold around p with respect to / if (a), (c) and (d) from Definition 1.7 
are satisfied as well as 

(b)" N is tangent at p to the a-stable subspace T p (M) ajS with respect to 
T p (f),i.e.,T p (N)=T p (M) afi . 

If a = 1, we simply speak of a local stable manifold. 

Before we discuss this concept, let us clarify two related points mentioned in 
the introduction. 

Remark 6.6 E a>s is uniquely determined in the situation of Definition 1.2, 
and if a is an automorphism of E, then also E a u is determined (by the 
argument given in Remark 4.3). 

The second point concerns Definition 1.2. 

Remark 6.7 Note that if (1) holds for one chart k: U — > V as described 
in Definition 1.2 and ultrametric norm |.| on E defining its topology, then 
also for every other chart H: U — > V C E and norm ||.||~with analogous 
properties. In fact, since r := k o k' 1 is analytic, it is Lipschitz on some 0- 
neighbourhood W C V. Moreover, there exists D > such that ||.||~< 
If x e M such that f n (x) — > p as n — > oo and a _ra ||K(/ n (x))|| — > 0, then 
/ n (x) G /c _1 (W) for large n and thus a" n ||K(/ n (x))|r < a- n D\\r(K(f n (x)))\\ 
< D Lip(T\ w )a~ n \\K(f n (x))\\ — > (as required). 

We can prove the following result on local a-stable manifolds. 
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Theorem 6.8 Let M be an analytic manifold modelled on an ultrametric 
Banach space over a complete ultrametric field. Let M C M be open, 
f: Mo — > M be an analytic mapping and p G Mo be a fixed point of f , 
such that T p (f) is a-hyperbolic for some a G ]0, 1]. Then the following holds: 

(a) There exists a local a-stable manifold N around p with respect to f ; 

(b) The germ of N at p is uniquely determined; 

(c) If N is a local a-stable manifold around p with respect to f, then every 
neighbourhood of p in N contains an open neighbourhood Vt C iV which 
is a local a-stable manifold around p, a submanifold of M , and has the 
following additional properties: 

(i) There exist a chart k: P — > U C T P (M) of M around p such that 
k(p) = 0, an ultrametric norm \\.\\ on E := T p {M) defining its 
topology, and an open neighbourhood Q C P with f(Q) C P and 
k(Q) = BfifS) for some r > 0, such that Q = K~ 1 (r) where 

T := {ze B? (0) : g n {z) is defined and a' n \\g n (z)\\ < r for 
allnE N , and\im n ^ 00 a~~ n \\g n (z)\\ =0}, 

with g := ko f o fiT 1 ^^. 

(ii) f n (x) — > p for all x G Q; and 

(iii) a~ n ||K(/ n (x))|| — * as n — * oo ; /or eac/i x G f2 and some (and 
hence any) chart k of M around p, such that k(j>) = 0. 

Proof, (a) and (c): Let E\ be the a-stable subspace and E 2 be the a- 
unstable subspace of E := T p {M) with respect to T p (f), and | .| be a norm on 
£ = E 1 ®E 2 as in Definition 1.1. Let k : P -> U, Q, r > and g: B? (0) -> P 
be as in 3.2; thus </(0) = T p (f). For s G ]0,r], let T s be the set of all 
z G Pf'(O) such that g n (z) is defined and a _n ||5r n (z)|| < s for all n G No, and 
lim^oo a _n ||a n (^)|| = 0. After shrinking r if necessary, the construction of 
Section 6 can be applied with g in place of / (cf. Remark 2.5 (d)). Hence, 
there exists an analytic map 

<f>: P r £l (0) -> Pf 2 (0) 

with (j)(0) = and 0'(O) = 0, such that T s is the graph of 4>\b Ei (o) f° r eac h 
s G ]0,r], and g(T s ) C T s (see Theorem 6.2). Then T s is a submanifold 
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of Bf(0) and g restricts to an analytic map T s — > T s for each s G ]0,r]. 
Now f2 s := /« _1 (r s ) is a submanifold of K -1 (.B,f (0)) (and hence of M), such 
that f{Q s ) Q Q.s and f\n s ' &>s —> Q.s is analytic. Also, T P (Q S ) = E\ be- 
cause To(T s ) = Ei, and hence each Q s is a local a-stable manifold around 
p with respect to /. Moreover, the fl s with s G ]0, r] form a basis of open 
neighbourhoods of p in f2 r . Finally, f n (x) — > p holds for all x G f2 r and 
a~ ra ||K(/ n (x))|| = a _ra ||g n (/€(x))|| — > by definition of T r (and we have anal- 
ogous behaviour with respect to other charts and norms, by Remark 6.7). 
Thus (a) is established and (c) holds for A = Q r (and hence for any local 
a-stable manifold A, once we have (b)). 

(b) We retain the notation from the proof of (a), let A be another local 
a-stable manifold around p with respect to /, and pick b G ]||A||,a[ with 
A := (T p (f))\E 1 - Let //: V — > 5^(0) be a chart of A around p such that 
fj,(p) = and dfj,(p) = id^. There is a G ]0,r] such that h :— n o / o yr 1 
is defined on all of B^(0). Since a'(0) = T p (f\ N ) = A with ||A|| < b, 
Remark 2.6 (a) shows that 

h(B* (0)) C flj(0) C flf (0) for all sG]0,a], (40) 

after possibly shrinking a. Thus / u~ 1 (i3f 1 (0)) is a local a-stable manifold. 

Now write g = (gi,g 2 ) = g'(0) +g: #f (0) — > E l © £"2, where Lip(#) < a and 
</(0) = A® B with A as before and pprji > a - Then Q fl A is an immersed 
submanifold of Q tangent to E\. After replacing A by an /-invariant open 
p-neighbourhood in N (cf. (40)), we may assume that A is a submanifold 
of Q. Since k(N) is tangent to E\ at G E, the inverse function theorem 
implies that k(N) is the graph of an analytic map if) : W — > £2 on some open 
0-neighbourhood W C £^(0), with ^(0) = 0, ip'(0) = and Lip(^) < 1 
(after shrinking A if necessary). Then v := pr x ok\ n is a chart for A with 
u(p) = and aV(p) = id^ (where pr 1 : E\ © E 2 — > i?i). Hence, by the 
discussion leading to (40), there exists a G ]0,r] such that 5^(0) C and 

C 6s for all se]0,«7], (41) 

where Q s := {(x, ip{x)) : x G -Bf^O)} for s G ]0, a]. Note that || z\\ = \\x\\ < s 
for all s G ]0,cr] and 2; = (x,ip(x)) G 6 S , since Lip(^) < I. By (41), 
g n (x,if)(x)) is defined for each x G 5^(0). Moreover, || g n (x, ip(x)) || < 6 n a 
(since g n (x,ip(x)) G ©bio-), entailing that a~ ra ||g ra (x, -0(x))|| < a for each 
n G N and a~ n ||<7 n (x, ^>(x)|| — > as n — > 00. Hence 6^ C IV and since both 
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sets are graphs of functions on the same domain, it follows that CT = T a . 
Hence CT is an open sub manifold of r r . Then Q a is an open sub manifold 
of Q r which contains p, and it is also an open submanifold of iV because 
tt a = re -1 (IV) = K _1 (©a) = u^iB^iO)). This completes the proof. □ 

Note that, in contrast to Theorem 1.3, T p (f) is not assumed to be an auto- 
morphism in Theorem 6.8. 



7 Global stable manifolds 

We now prove Theorem 1.3 from the introduction. 

Proof of Theorem 1.3. Let r > 0, E, k, Q with n(Q) = Bf (0), g and 
the submanifolds kT^IV) of M (for s G ]0, r\) be as in the proof of Theorem 
6.8 (c). By Theorem 6.2 (h) and Remark 2.5 (d), we may assume that g(T) is 
an open subset of T := T r and <?|r: T — > g(T) is an analytic diffeomorphism. 
Then Q = K _1 (r) is a submanifold of M which is tangent to T p (M) a ^ s at p, 
the image /(fi) is open in Q, and / restricts to a diffeomorphism Q — > /(fi). 
We now show that 

^: = U r n ( fi ) • ( 42 ) 

n6N 

By (ii) and (iii) in Theorem 6.8 (c), we have Q C W 7 "^ and hence UneN„ f ~ n (ty 
C H/ s , recalling that /(W a s ) = H/ s . 

Conversely, suppose that x G VF*. Then, by the definition of W* (and 
Remark 6.7), there is m G N such that f n (x) G Q for all n > m and 
a~ n ||/-€(/ n (:r))|| — > 0. After increasing m if necessary, we may assume that 
a- n \\Klf n lx))\\ < r for all n > m. Then 

a~ k \\<f k {f m {x)))\\ < a- {k+m) \\nU k+m (x))\\ < r 

for all k G N and a' k \\g k (K(f m (x)))\\ = a- k \\K(f k+m (x))\\ -> 0, showing that 
/t(/ m (x)) G T. Therefore f m (x) G ft and thus x G /~ m (ft) C U neN() f~ n (ty, 
completing the proof of (42). 

Since ft is a submanifold of M and / a diffeomorphism, also ft n := /"(ft) is 
a submanifold of M, for each n G Z. Because /(ft) is an open submanifold 
of ft and / restricts to a diffeomorphism from ft to /(ft), it follows that ft m 
is an open submanifold of ft n , for all m > n, and that the map 

h m ,n ■ ftn ftm 
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induced by f m ^ n is a diffeomorphism. We give W* the unique analytic man- 
ifold structure making each Q n an open submanifold of W^. Since each fl n 
is open in W* and the inclusion map Q n — > M is an immersion, is an 
immersed submanifold of M. Moreover, T P (W*) = T P (Q) is the a-stable sub- 
space of T P (M) with respect to T p (f), and f(W*) = W%. The restriction h of 
/ to a map W„ — > W„ is analytic, because /i|n n = A n+i o h n+ i >n is analytic for 
each nGZ (where A n : fi ra — > is the inclusion map). Also h" 1 is analytic, 
because h~ l \^ n = A n _i o (a rai „_i) _1 is analytic. Thus, the existence part of 
Theorem 1.3 is established. Moreover, the final assertion holds because Q 
might be replaced by its open subset ft -1 (T s ) for each s e ]0, r]. 

Uniqueness: We let W* be the manifold just constructed and write iV for 
W*, equipped with any manifold structure for which conditions (a)-(c) of 
the theorem are satisfied. Then both ./V and are local a-stable manifolds. 
Hence, there is an open neighbourhood W C of p which is also an open 
neighbourhood of p in W^, and on which N and induce the same analytic 
manifold structure (Theorem 6.8(b)). Let Q, C W be as before. Since f n 
restricts to diffeomorphism of both W* and N, it follows that f~~ n (Q) is 
an open submanifold of both W* and (with the same induced analytic 
manifold structure), for each n G No. Since the sets f~ n (Q) form an open 
cover of W* and N, it follows that W* = N as an analytic manifold. □ 

8 Local unstable manifolds 

We construct local unstable manifolds by an adaptation of Irwin's method 
(cf. also [40]). Our general setting is the following: 

8.1 Let M be an analytic manifold modelled on an ultrametric Banach space 
over a complete ultrametric field. Let M$ C M be open, /: Mq — > M be 
analytic, a > and p be a fixed point of / such that T p (f) is a-hyperbolic. 

Definition 8.2 In the situation of 8.1, an immersed submanifold iV C M is 
called a local a-unstable manifold around p with respect to / if (a)-(c) hold: 

(a) peN- 

(b) N is tangent at p to the a-unstable subspace T p (M) a ^ n of T P {M) with 
respect to T p (f); 
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(c) There exists an open neighbourhood U of p in iV such that f(U) C A" 
and f\u\ U — > N is analytic. 

We can show: 

Theorem 8.3 If a > 1 in the situation of 8.1, t/ien £/ie following holds: 

(a) There exzsfe a local a-unstable manifold N around p with respect to f; 

(b) The germ of N at p is uniquely determined. 

Remark 8.4 If T p (f) is invertible, we may assume that M 1 := f(M ) is 
open and /: M — > Mi a diffeomorphism, after possibly shrinking M . Now 
Theorem 6.8 provides a local ^-stable manifold N C M D Mi around p with 
respect to f^ 1 : M x — > M. Then is a local a-unstable manifold with respect 
to /. Hence, we already have most of Theorem 8.3 if T p (f) is invertible. The 
interesting point is that the theorem remains valid if T p (f) is not invertible. 

Because the proof of Theorem 8.3 is quite similar to that of Theorem 6.8, we 
relegate it to an appendix (Appendix B). 

9 Spectral interpretation of hyperbolicity 

In this section, we consider the special case where a is an automorphism of 
a finite- dimensional vector space over a complete ultrametric field (K, |.|). 
We shall interpret a-hyperbolicity as the absence of eigenvalues of absolute 
value a (in an algebraic closure of IK). Moreover, we shall see that an a-centre 
subspace and an a-centre-stable subspace always exist. 

9.1 Let (K, |.|) be a complete ultrametric field, E be a finite-dimensional 
IK- vector space, and a: E — > E be a linear map. We let K be an algebraic 
closure of IK, and use the same symbol, | . | , for the unique extension of the 
given absolute value to K (see [34, Theorem 16.1]). We let R(a) be the set of 
all absolute values |A|, where A 6 K is an eigenvalue of the K-linear self-map 
ckjj- := a <E> idjg- of the K- vector space E^ := E <S>k IK obtained from E by 
extension of scalars. For each A G IK, we let 

(E w ) (x) := (a w - X) d x = 0} 
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be the generalized eigenspace of in corresponding to A (where d is the 
dimension of the K- vector space E). Given p G [0, oo[, we define 

(%)p := 0(^)(A), (43) 

where the sum is taken over all A G K such that |A| = p. 

The following fact (cf. (1.0) on p. 81 in [31, Chapter II]) is important: 10 

Lemma 9.2 For each p G R(a), the vector subspace (E^) p of E^ is defined 
over K, i.e., (E w ) p = (E p ) w with E p := (E w ) p n E. Thus 

E = (44) 

peR(a) 

and each E p is an a-invariant vector subspace of E. □ 
It is essential for us that certain well-behaved norms exist on E (as in 9.1). 
Definition 9.3 A norm |.| on E is adapted to a if the following holds: 

(a) |.| is ultrametric; 

( b ) || J2 P eR(a) x p\\ =max{||a;J: p G R(a)} for each (x p ) peR(a) G Yl P eR(a) E P \ 
and 

(c) ||o;(x)|| = p\x\ for each ^ p G R(a) and x G E p . 

Proposition 9.4 Let E be a finite- dimensional vector space over a complete 
ultrametric field (K, |.|) and a: E — > E be a linear map. Let e > and 
Eq := {x G E: (3n G N) a n (x) = 0}. Then E admits a norm |.| adapted 
to a, such that q:\e has operator norm < e with respect to \\.\\. 

The proof uses [21, Lemma 4.4] (the proof of which does not require that a 
is an automorphism, as assumed in [21]): 

Lemma 9.5 For each p G R(a) \ {0}, there exists an ultrametric norm \\.\\ p 
on E p such that \\a(x)\\ p = p\\x\\ p for each x G E p . □ 

The next lemma takes care of the case p = 0. 

10 In [31, p. 81], K is a local field, but the proof works also for complete ultrametric fields. 
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Lemma 9.6 Let E be a finite- dimensional vector space over a complete ul- 
trametric field (K, |.|) and a: E — > E be a nilpotent linear map. Let e > 0. 
Then there exists an ultrametric norm \\.\\ on E with respect to which a has 
operator norm < e. 

Proof. Assume first that there exists a basis vi, . . . , v m of E with respect to 
which a has Jordan normal form with a single Jordan block, i.e., a(v\) = 
and a(vk) = Vk-i for k G {2,...,m}. The case E = {0} being trivial, 
we may assume that m > 1. Choose A G IK such that < |A| < e and 
define := \ k Vj~ for k G {1, . . . ,m}. Then a(^fe) = A fc ^fc_i = Xwk-i for 
fc G {2, . . . , m} and a(w\) = 0, entailing that a has operator norm < e with 
respect to the maximum norm ||.|| on E with respect to the basis w\, . . . , w m , 



k=i 



max{|t fc | : k — 1, . . . , m} for ti, . . . , t m e K. 



In the general case, we write _E as a direct sum ©™ =1 -Ej of a-invariant vector 
subspaces Ej C i? such that the Jordan decomposition of ol\e- has a single 
Jordan block. For each j, there exists an ultrametric norm on Ej with 
respect to which has operator norm < e, by the above special case. 
Then a has operator norm < e with respect to the ultrametric norm |.| 
on E given by \\vi + • — h v n \\ := max{||vj||j : j — 1, . . . , n} for Vj G Sj. □ 

Proof of Proposition 9.4. For each p G \ {0}, we choose a norm ||.|| p 
on E p as described in Lemma 9.5. Lemma 9.6 provides an ultrametric norm 
||.||o on E , with respect to which a\E has operator norm < e. Then 

j| x p\ '■= max { W x p\\p : P e R ( a ) } for ( x p) P m*) e U P eR( a ) e p 

peR(a) 

defines a norm J : £" — > [0, oof which, by construction, is adapted to a and 
with respect to which a| Eo has operator norm < e. □ 

In the finite-dimensional case, the next corollary (and its proof) provide lucid 
interpretations for a-hyperbolicity, and also for a-centre-stable and a-centre 
subspaces. 

Corollary 9.7 Let E be a finite- dimensional vector space over a complete 
ultrametric field (K, |.|). Let a: E — > E be a linear map, R(a) be as in 9.1, 
and a > 0. Then the following holds: 
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(a) E admits an a- centre- stable subspace with respect to a. 

(b) If a is invertible, then E admits an a-centre subspace with respect to a. 

(c) a is a-hyperbolic if and only if a £ R(a). 

Proof. By Proposition 9.4, there exists an ultrametric norm ||.|[~on E which 
is adapted to a, and with respect to which a\E has operator norm < a. 

(a) The conditions from Definition 1.4 are satisfied with |.| := ||.||~and 

£ a , cs :=0£ p and E a , n := ® E p . (45) 

p<a p>a 

(b) The conditions of Definition 1.5 are satisfied with |.| := ||.||~and 

£ a , s :=0£ p , E a , c :=E a , and E a , u := E p . (46) 

p<a p>a 

(c) If a G" R(a), then the conditions of Definition 1.1 are satisfied with 
|.| := || . |f and 

E a y.= Q)E p and £ a , u : = E p . (47) 

p<a p>a 

If a G R(a), then a cannot be a-hyperbolic. In fact, if a was a-hyperbolic, 
we obtain a norm |.| and a splitting E = E a>s Q)E a;U as in Definition 1.1. Let 
ct\ := ct\E a . s and a 2 := a|_e a , u - Since |.| and 1 1 . 1 1~ are equivalent, there exists 
C > such that C' 1 ]].]] < ||.||~< C\\.\\. Let ^ v G E a . Write v = x + y 
with x G E a>s and y G E a ^ n . If y ^ 0, then 

/ i \ n 

-n/^i— 1 II „,ro/„,\ II \ /~t— 1 



|| w |p= a- n ||a n (t»)|r> a^C-la"^)!! > C" 1 - _ 1 - ||y|| 

\a\\a 2 \\J 

for all n G N, which is absurd because „ x _i ,, > 1. Hence y — and thus 

a||« 2 || 

x = v^0. But then 

||^||~= a^||a ri (v)|r< a- n C||o; n (^)|| < C f^lP] \\ v \\ for all n G N. 



Since < 1, this is absurd. Thus a cannot be a-hyperbolic. □ 
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Remark 9.8 If E is an infinite-dimensional Banach space over a complete 
ultrametric field and a : E — > E an automorphism, let E^ be the completed 
projective tensor product E ®k K (which is an ultrametric Banach space 
over K) and := a <8> id^. It is natural to define R(a) := {|A| : A G cr(a^)} 
in this case, where cr(«f) is the set of all A G K such that aj — A id is 
not invertible. The author conjectures that a is a-hyperbolic if and only if 
a G" R(a), and moreover that E has an a-centre-stable subspace (resp., an a- 
centre subspace) if and only if there exists e > such that ]a, a+e[ C\R(a) = 
(resp., ]a, a + e\ C\R(a) = and }a — e, a[ C\R(a) = 0). These topics require 
further investigation. The functional calculus from [13] should be useful. 

10 Behaviour close to a fixed point 

We now relate the behaviour of a dynamical system (M, /) around a fixed 
point p and properties of the linear map T p (f). The results (and those from 
Sections 11 through 13) are useful for Lie theory (see [20] and [22]; cf. [21]). 

10.1 Let M be an analytic manifold modelled on an ultrametric Banach 
space over a complete ultrametric field (K, |.|). Let /: M — > M be an 
analytic mapping on an open subset M C M and p G M be a fixed point 
of /, such that T p (f): T P (M) — > T p (M) is an automorphism. 

Proposition 10.2 In 10.1, the following conditions are equivalent: 

(a) T p (M) admits a centre-stable subspace with respect to T p (f), and each 
neighbourhood P of p in M contains a neighbourhood Q of p such that 

f(Q) c Q. 

(b) There exists a norm \\.\\ on T p {M) defining its topology, such that 
||^p(/)|| ^ 1 holds for the corresponding operator norm. 

If, moreover, M is a finite- dimensional manifold, then (a) and (b) are also 
equivalent to the following condition: 

(c) Each eigenvalue A of T p (f) ®k id^ in an algebraic closure KofK has 
absolute value |A| < 1. 

Proof, (b) means that E := T p (M) coincides with its centre-stable subspace 
with respect to a := T p (f). If E is finite-dimensional, this property is equiv- 
alent to R(ct) C ]0, 1] and hence to (c), by Remark 3.3 and (45). If (b) holds, 
then (a) follows with Theorem 1.9 (c). 
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(a)=>(b): If (a) holds, then E admits a decomposition E = E 1>cs © P lu 
and a norm ||.||, as described in Definition 1.4 (with a = 1). After shrinking 
Mo, we may assume that Mi := /(Mo) is open in M and /: Mo — > M\ is a 
diffeomorphism (by the Inverse Function Theorem). 

If Ei iU {0}, we let P C M fl Mi be an open neighbourhood of p such 
that /(P) C P, and consider the map g := f- 1 : M 1 —> M. Then E 1>u is the 
stable subspace of E with respect to T p (g) = a -1 . Pick 6 G ] u || 5 1[- 
Then a -1 is 6-hyperbolic, and 

E b , s = E hu as well as E btU = E hcs 

(with respect to the automorphisms a" 1 and a on the left and right of the 
equality signs, respectively). By Theorem 6.8 (applied to g\ P : P — > M), 
there exists a local 5-stable manifold N C P with respect to g, such that 
g n (x) — > p as n — > oo, for all i G iV. Since is tangent to Pi )U 7^ {0}, we 
have iV 7^ {p} and thus find a point x £ N \ {p}. By hypothesis (a), there 
is an open p-neighbourhood Q C P \ {x} with /(Q) ^ <5- Since ^"(a;) — > p, 
there exists m G N with y := g m (x) E Q. Then x = f m (y) G f m (Q) C Q, 
contradicting the choice of Q. Hence = {0} (and thus (b) holds). □ 

Proposition 10.3 In 10.1, the following conditions are equivalent: 

(a) T p (M) admits a centre subspace with respect to T p (f), and each 
neighbourhood P of p in M contains a neighbourhood Q of p such 
that f(Q) = Q. 

(b) There exists a norm \\.\\ on T p (M) defining its topology, which makes 
T p (f) an isometry. 

If, moreover, M is a finite- dimensional manifold, then (a) and (b) are also 
equivalent to the following condition: 

(c) Each eigenvalue X of T p (f) ®k id^ in an algebraic closure KofK has 
absolute value \X\ = 1. 

Proof, (b) means that E := T p (M) coincides with its centre subspace with 
respect to a := T p (f). If E is finite-dimensional, this property is equivalent 
to R(a) C {1} and hence to (c), by Remark 4.3 and (46). If (b) holds, 
then (a) follows with Theorem 1.10 (c). 
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(a)=^(b): After shrinking M , we may assume that M 1 := f(M ) is open 
in M and /: M — > Mi is a diffeomorphism. If (a) holds, then there is a 
decomposition E = Ei )S ®Ei yC (BEi yU and a norm ||.||, as in Definition 1.5 (with 
a = 1). By "(a)=^(b)" in Proposition 10.2, we have E^ n = {0}. Applying 
Proposition 10.2 to g := f^ 1 : Ml — > M, we see that also i? ljB = {0} (because 
this is the unstable subspace of T p (M) with respect to T p (g) = a -1 ). Thus 
E = E ljC , establishing (b). □ 

The proofs show that Q can always be chosen as an open subset of M , in 
part (a) of Proposition 10.2 and 10.3. 

Definition 10.4 In the situation of 10.1, we use the following terminology: 

(a) p is said to be an attractive fixed point of / if p has a neighbourhood 
P C M such that f n (x) is defined for all x G P and n G N, and 
linv^oo f n (x) = p for all x G P. 

(b) We say that p is uniformly attractive if it is attractive and, moreover, 
every neighbourhood of p in M contains a neighbourhood Q of p such 
that /(g) C Q. 

Proposition 10.5 In 10.1, the following conditions are equivalent: 

(a) T p (M) admits a centre subspace with respect to T p (f), and p is 
uniformly attractive; 

(b) There exists a norm ||.|| on T p {M) defining its topology, such that 
\\T p (f)\\ < 1 holds for the corresponding operator norm. 

If, moreover, M is a finite- dimensional manifold, then (a) and (b) are also 
equivalent to the following condition: 

(c) Each eigenvalue X of T p (f) ®k id^ in an algebraic closure Ko/K has 
absolute value \X\ < 1. 

Proof, (b) means that E := T p (M) coincides with its stable subspace with 
respect to a :— T p (f). If E is finite-dimensional, this property is equivalent to 
R(a) C ]0, 1[ and hence to (c), by Remark 6.6 and (46). If (b) holds and P C 
M is an open neighbourhood of p, then Theorem 6.8 (applied to f\p instead 
of /) provides a local stable manifold N <0 P such that lim n ^ 00 / n (x) = p 
for all x G N. Because T P (N) = E = T p (M), it follows that N is open in M. 
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Since, moreover, f(N) C N by definition of N, we have verifed that p is 
uniformly attractive. □ 



Remark 10.6 If p is merely attractive (but possibly not uniformly) and 
E := T p (M) admits a centre subspace with respect to T p (f), we can still 
conclude that E lc = {0}. 

[After shrinking M , we may assume that / is injective. Let P C M be 
as in Definition 10.4(a). If E lfi ^ {0}, we let Q C P be a centre manifold 
with respect to /, such that f(Q) = Q (see Theorem 1.10 (c)). Since E l c ^ 
{0}, we must have Q ^ {p}, enabling us to pick x G Q \ {p}- Using 
Theorem 1.10 (c) again, we find a centre manifold S C Q \ {x^} with respect 
to /, such that f(S) = S. Since / is injective, it follows that f(Q\S) = Q\S 
and thus f n (x ) G Q \ S for all n e No. As Q is a neighbourhood of p, we 
infer f n (x ) p as n — > oo. Since x G P, this contradicts the choice of P. ] 

11 When W^(/, p) is not only immersed 

In general, is only an immersed submanifold of M, not a submanifold (cf. 
[21, §7.1] for an easy example). We now describe a criterion (needed in [20]) 
which prevents such pathologies. 

Proposition 11.1 Let M be an analytic manifold modelled on an ultramet- 
ric Banach space over a complete ultrametric field. Letp G M be a fixed point 
of an analytic diffeomorphism f : M — > M , such that E := T p {M) admits a 
centre-stable subspace with respect to T p (f), and E^ n = {0}. Then W*(f,p) 
is a submanifold of M, for each a G ]0, 1] such that T p (f) is a-hyperbolic. 

Proof. Let W h a := W h a (f,p) and Q C W b a be as in Theorem 1.3. Since / 
restricts to a diffeomorphism of the image f(Q) is relatively open in f2. 
Hence, there exists an open p-neighbourhood Q C M such that Q(lQ C f(Q). 
By "(b)=>-(a)" in Proposition 10.2, we may assume that f(Q) C Q, after 
replacing Q with a smaller neighbourhood of p is necessary. We claim that 

w b a n Q = n n Q . (48) 

If this is true, then fl Q is a submanifold of M, and hence also 

r n m) n /-"(g) = wi n f~ n {Q) 
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is a submanifold of M (as f~ n : M — ■> AJ is a diffeomorphism) . Since 
UngNo f n (Q) * s an °P en subset of M which contains (exploiting that 
f n (x) G Q for large n, for each x G W^), we deduce that is a submanifold 
of M (and the submanifold structure coincides with the immersed submani- 
fold structure constructed earlier). 

To prove (48), suppose that x G fl Q but x G" ft fl Q (and hence i^fl). 
Since f(Q) C Q, we then have 

/ n (x) G Q for all n G N . 

By definition of ft, there exists n G N such that / n (x) G ft. We choose n 
minimal and note that n > 1 as x G" ft by hypothesis. Then f n (x) G ft fl Q C 
/(ft) and hence / n_1 (x) = f-\f n (x)) G /^(/(fi)) = ft, contradicting the 
minimality of n. Hence x cannot exist and thus fl Q ^ ft n Q. The 
converse inclusion, ft fl Q C W 7 ^ fl Q, being trivial, (48) is proved. □ 

12 Further conclusions in the 
finite-dimensional case 

We collect further results which are easily available in the finite-dimensional 
case (and required in [20]). In particular, we study the dependence of a-stable 
manifolds on the parameter a. 

Proposition 12.1 Let M be an analytic manifold modelled on a finite- 
dimensional vector space over a complete ultrametric field (K, |.|). Let p G M 
be a fixed point of an analytic diffeomorphism f : AJ — > AJ. Abbreviate 
a := T p (f) and define R(a) as in 9.1. Then the following holds: 

(a) If R(a) C ]0, 1], then W*(f,p) is a submanifold of M, for each a G 

]o,i]\%). 

(b) J/0 < a < b < 1 and [a, b] n R(a) = 0, then W s a (f,p) = W§(f,p). 

(c) Ifae ]0,1] and ]0, a] fl i?(a) = 0, toen W a s (/,p) = {p}. 

Proof, (a) follows from Proposition 11.1 (using Corollary 9.7 and (46)). 
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(b) Let E and k be as in 3.2 (with M := M), ||.|| be a norm on E adapted 
to a := T p (f), and R(a) as well as the subspaces E p C £ for p > be as 
in 9.1. By hypothesis on a and 6, we have 

p<a p<6 p>a p>b 

Hence £ ajS = E biS = X and £ a , u = E byU = Y, by (47). Now let fi a and tt b 
be an as in Theorem 1.3, applied with a and b, respectively. By Theo- 
rem 6.2 (f) and the proof of Theorem 1.3, we may assume that fl a = /«^ 1 (r a ) 
and Q b = ^ _1 (r?)), where 

T a = {z e B?(0) : (Vra G N ) g n (z) is defined and ||c/ n (-2)|| < a n r} and 
r 6 = {ze Bf(0) : (Vn G N ) 5 n (^) is defined and ||c/ n (^)|| < (49) 

for certain r,t > and g is as in (3.2). Moreover, by Theorem 6.2 (e), we may 
assume that r = t, after replacing each by min{r, t}. Then T a C T b by (49), 
and hence T a = Tb (since both sets are graphs of functions on the same 
domain, by Theorem 6.2). Thus Q a = Qb, entailing that W*(f,p) = W§(f,p) 
as a set and also as an immersed sub manifold of M (cf. proof of Theorem 1.3). 

(c) By (47), we have E a , s = ® p<a E p = {0}, whence SI = ^(T) = {p} 
in Theorem 1.3 and its proof. Thus W*(f,p) = UneN f n (^) = {p}- '-' 

13 Specific results concerning automorphisms 
of Lie groups 

Throughout this section, G is an analytic Lie group modelled on an ultra- 
metric Banach space over a complete ultrametric field (K, |.|), and a: G — > G 
an analytic automorphism. Then the neutral element 1 G G is a fixed point 
of a, and hence our general theory applies. We now compile some additional 
conclusions which are specific to automorphisms. Like results of the previous 
sections, these are needed for the farther-reaching Lie-theoretic applications 
described in the introduction. 

We begin with a corollary to Proposition 10.5. An automorphism a: G — > G 
is called contractive if \\m n ^ QO a n {x) = 1 for each x G G. 
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Corollary 13.1 If G is finite- dimensional and a: G — > G a contractive 
automorphism, then every eigenvalue X of L(a) <8>k idf in an algebraic 
closure K has absolute value \X\ < 1. 

Proof. G is complete by [17, Proposition 2.1 (a)], and metrizable. Since 
every identity neighbourhood P in G contains an open subgroup U of G (see, 
e.g., [17, Proposition 2.1(a)]), Lemma 1(a) in [35] provides an a-invariant 
open subgroup Q := £7( ) C U C P of G. Hence 1 is a uniformly contractive 
fixed point of a, and thus "(a)=>-(c)" in Proposition 10.5 applies. □ 

Proposition 13.2 //a G ]0, 1] and L(ct) is a-hyperbolic, the following holds: 

(a) The a-stable manifold W^(a, 1) is an immersed Lie subgroup of G. 

(b) If, moreover, L(G) admits a centre subspace with respect to L(a) and 
L(G)i >u = {0}, then W*(a, 1) is a Lie subgroup of G. 

Proof, (a) The proof of [20, Proposition 4.6] applies without changes. 11 
(b) is a special case of Proposition 11.1. □ 

If G is finite-dimensional, then the extra hypotheses in Proposition 13.2 (b) 
mean that R(L(ct)) C ]0, 1] (see Corollary 9.7 and (46)). 

In the following situation, hyperbolicity is not needed to make W s a manifold. 

Proposition 13.3 // a: G — > G is an automorphism and L(G) admits a 
centre subspace with respect to L(ct) : L(G) — > L{G), then the following holds: 

(a) There exist a local stable manifold V\ and a centre manifold Vq around 1 
with respect to a, and a local stable manifold V-i around 1 with respect 
to a" 1 , such that ViVoV-i is open in G and the product map 

7r: Vi x Vq x V-\ — > ViVb^-i (x, y, z) i-> xyz (50) 

is an analytic diffeomorphism. 

(b) There is a unique immersed submanifold structure on W s (a,l) such 
that conditions (a)-(c) of Theorem 1.3 are satisfied. This immersed 
submanifold structure makes W s (a, 1) an immersed Lie subgroup of G, 
and the final assertion of Theorem 1.3 holds. Moreover, W s (a, 1) = 
W*(a, 1) for some a e ]0, 1[ such that L(ct) is a-hyperbolic. 

n In 0, read " < a n " as " < o"r." 
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Proof, (a) Set E := L(G) and let £" = E 1 © i? © be the decomposition 
into a stable subspace Ei, centre subspace E and unstable subspace E_i 
with respect to L(a), and |.| be an ultrametric norm as in Definition 1.5. 
There is a G ]0, 1[ such that H-Z^a)^!! < a and ^ L ^-i\ E — ir > \- Then L(ct) 

is a-hyperbolic with a-stable subspace E 1 and a-unstable subspace E © ELi 
(and the norm |.| as before). Also L(a) _1 is a-hyperbolic, with a-stable 
subspace E_\ and a-unstable subspace E§@E\ (and the norm ||.|| as before). 
We let V\ be a local a-stable manifold around 1 with respect to a and V-i be 
a local a-stable manifold around 1 with respect to a -1 (see Theorem 6.8 (a)); 
by Theorem 6.8 (c), we may assume that V\ C W*(a, 1). Also, we let V be 
a centre manifold around p with respect to a (see Theorem 1.10 (a)). Then 
Ti(Vi) = £?x, Ti(y ) = #o and Ti(F_i) = whence 

L(G) = 7i(Vi) © T^Vo) © Tx^x) . 

Thus, after shrinking V±, Vq and V_\ (which is possible by Theorem 6.8(c) 
and 1.10 (c)), we may assume that P := ViVoT^_i is open in G and the product 
map (50) is an analytic diffeomorphism (by the Inverse Function Theorem). 

(b) Shrinking Vi, Vo and V_i further is necessary, we may assume that 
there are r > and charts Vj — > B r J (0) with /%(1) = and c?^ = id 
for j G {-1,0, 1}. There is s G ]0,r] such that a{nj\Bf j (0))) C V} for all 
j G {—1, 0, 1}. Let Oj := Kj o a o K ] 1 \ B E J Shrinking s, we achieve that 

||#o0c)|| = IMI for each x G Bf°(0), (51) 
||oi(x)|| < a||rr|| for each x G B^ !l (0), and (52) 
> a _1 ||:r|| for each a; G Bf-^O) (53) 

(using (3) and parts (b) and (d) of Remark 2.5). Then 

k := («i x Kq x o 7T _1 : P — > -Bf (0) 

is a chart of G around 1. We set g := ai x g x : Bf(0) — > Bf(0) (where 
(0) = 5^(0) x 5f°(0) x Sf-^O)). Abbreviate Q := K _1 (5f (0)). Then 

/|q = « _1 o^°k|q- (54) 
If z G VP(a, 1), there is n G N such that a n (z) G Q for all n > n , and 

||/t(a"(2))|| ^ asn^oo. (55) 
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After replacing z with f n °(z), we may assume that n = 0. Now x = 

(xi, x , x_i) := k(z) is an element of Bf(0) such that g n (x) G Bf(0) for 
all n G N (cf. (54)). Also 

lim \\g n (x)\\ = 0, (56) 

n^oo 

by (55). Since ||# n (:r)|| = max{||^i(xi)||, ||£j- (^o)||, ||#-i(z-i)||} for all n G N , 
using (51) and (53) we obtain a contradiction to (56) unless xq = and 
x_i = 0. Thus x — Xi & E 1 and thus z = /€ ] " 1 (x 1 ) G Vi C W a s («, 1), 
entailing that W s (a, 1) C W^(a, 1). The converse inclusion being trivial, 
we deduce that W s (a, 1) = W*(ct, 1). We give W s (a, 1) the manifold struc- 
ture of W*(a,l). It then is tangent to E ajB = E\ at 1. Hence W s (a, 1) 
satisfies conditions (a)-(c) of Theorem 1.3, and also the final assertion of 
the theorem. To obtain the uniqueness of the immersed submanifold struc- 
ture subject to these conditions, note that for any such structure on W s , each 
neighbourhood of p in W s contains am open /-invariant p-neighbourhood (as 
this only requires (3) and Remark 2.5(d)). Now one shows as in the proof 
of Theorem 6.8 (b) that the germ of the latter coincides with the germ we 
already have, and this entails as in the proof of the uniqueness part of 
Theorem 1.3 that the new manifold structure on W s coincides with the one 
we already had (further explanations are omitted, because the assertion is 
not central). All other assertions follow from Proposition 13.2. □ 

Corollary 13.4 IfG is a finite- dimensional Lie group, then there is a unique 
immersed submanifold structure on W s (a, 1) such that conditions (a)-(c) 
of Theorem 1.3 are satisfied. This immersed submanifold structure makes 
W s (a, 1) an immersed Lie subgroup of G. Moreover, W s (a, 1) = W*(a, 1) 
for each a G ]0, 1[ such that [a, l[nR(L(a)) = and ]1, ±] n R(L(a)) = 0. 

Proof. If we choose |.| as a norm adapted to L(a) (as in Definition 9.3) in 
the proof of Proposition 13.3, then Ei, E and E_\ are the direct sum of all 
L(G) p with p G R(L(a)), such that p G ]0, 1[ (resp., p — 1, resp., p G ]1, oo[), 
by (46). If a is as described in the current corollary, then ||L(a)|| < a and 
||L(a) _1 || < a (as is clear from (b) and (c) in Definition 9.3). Therefore the 
proof of Proposition 13.3 applies with this choice of o. □ 
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A Proof of Proposition 4.2 

For all integers k > 2, we choose a k G C h (E,Ei), (3 k G C k (E,E 2 ) and 
7 fc G £ fc (£, £3) such that a fc = a fc ° Af , b k = (3 k o Af , c fe = 7 fc o Af and 
IKII> ||/5fc||> llTfell < 1- 

If is an analytic function of the form described in (c), then (b) holds and 

sup{||(4,e fc )||s fc : k> 2} < s (57) 

for each s G ]0,r], entailing that 0(Sf 2 (O)) C Sf lxBa (0). Now /(r s ) = T s 
for all s G ]0, r] if we can prove that /(r r ) C r r , exploiting that 

(o) - e 2 , y» f 2 (Mv\vMv)) = By + MMy),y,My)) 

is an isometry with image Bf 2 (0) (by Remark 2.6). In particular, 

Wf2(Mv),vMv))\\ = \\v\\<* (58) 

for all s G ]0,r] and y G i?f 2 (0). Applying (57) with s = r, we see that 
f(4>i(y),y,4>3(y)) is defined for all y G B^ 2 (0) and given globally by its 
Taylor series around (by Lemma 2.3). Now let y G I?f 2 (0). In view of (58) 
(applied with s = r), we have f(<f>i(y), y-,4>z{y)) G T r if and only if 

/(0i(y),y,03(y)) 

= (0i(/2(0i(y),y,03(y))), / 2 (<My),y, <My)), 03(/2(0i(y),y,0s(y)))), 

which holds if and only if 

fMM,vMv)) = Mf2(My),vMy))) and (59) 
f 3 (My),y,fo(y)) = MMMv),vMv)))- W 

We mention that the right hand sides of (59) and (60) are given on all of 
5f 2 (0) by their Tayl or series around 0, since the homogeneous polynomial Q 
of degree j of the Taylor series of f 2 o (</>i, id, <p 3 ) around vanishes if j — 
and has norm \\Q\\ < 1 if j > 1 (as will be verified in (71) and (73)), whence 
110 II 7 "" 7 ' < r an d so Lemma 2.3 applies. Therefore the validity of (59) and (60) 
for all y G B^ 2 (0) is equivalent to their validity on Bf 2 {Q) for some t G ]0,r] 
(as in (a)), and is also equivalent to two identities for formal series, namely 

A(d 2 (y) + d 3 (y) + ---) 

+ a 2 (d 2 (y) H ,y, e 2 {y) H ) + a 3 (d 2 (y) H ,y, e 2 {y) H ) H 

= d 2 (By + b 2 (d 2 (y) + ■ ■ ■ ,y,e 2 (y) + ■■■) + b 3 {- ■■) + ■■ ■) 

+ d 3 (By + b 2 (d 2 (y) + ■ ■ ■ ,y,e 2 (y) + •••) + h{- ■ ■) + ■■■) +■■■ (61) 
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and 



C(e 2 (y) + e 3 (y) + ---) 

+ c 2 (d 2 (y) H ,y, e 2 (y) H ) + c 3 (d 2 (y) H ,y, e 2 (y) H ) H 

= e 2 (S ? / + fe 2 (d 2 (2/) + -- - >y>e2 ( z/ ) + ...) + 6 3 (... ) + ...) 

+ e 3 (By + b 2 (d 2 (y) + ■ ■ ■ ,y,e 2 (y) + ■■■) + b 3 (- ■■) + ■■ ■) +•••. (62) 



Equality of the second order terms on both sides of (61) means that 



which can be rewritten as (B* - A*)(d 2 ) = a 2 (0, ., 0) with A* := Po\ 2 (E 2 , A) 
andS* := Po\ 2 (B,E 1 ). Since B*-A* = B* (id -(B^yA^) with \\(B- r )*A4 
< H-B^fllAII < 1, we see that 

d 2 = (B* - A)- 1 a 2 (0, ., 0) = (id — (5 _1 )*A) _1 (-B _1 )*a 2 (0, ., 0) (64) 

is the unique solution to (63), and ||d 2 || < || J B- 1 || 2 ||a 2 (0, ., 0)|| < 1. 
Equality of the second order terms in (62) means that 



which can be rewritten as (C*-£*)(e 2 ) = -c 2 (0,.,0) with a := Pol 2 (E 2 ,C) 
and B* := Po\ 2 (B,E 3 ). Since C*-B* = C»(id -(C" 1 )^*) with || (C7~ x ) ..B* || 
< He- 1 )] • ||S|| 2 < 1, we see that 

e 2 = -(C* - £?*) _1 c 2 (0, ., 0) = (id -(CT 1 )^*)- 1 ^ -1 )* c 2 (0, ., 0) (66) 
is the unique solution to (65), and ||e 2 || < ||C _1 || ■ ||c 2 (0, ., 0)|| < 1. 

Let n > 3 now and, by induction, suppose we have found dk G Pol fc (i? 2 , E{) 
and e k G Pol fc (£' 2 , E 3 ) with ||e fc || < 1 for k — 2, . . . , n — 1, such that 

(61) and (62) hold up to order n — 1 if these d 2 , . . . , d n _\ and e 2 , . . . , e n _i are 
used. For k = 2, . . . , ra- 1, let S k G C h (E 2 , E{) and 7] k G C h (E 2 , E 3 ) such that 
d k = (S fc oAf , e fc = 7/ fc oAf , and ||4||, |M| < 1. Define fi (y) := (0,y,0) G £ 
for y G E 2 and ^ := (4, 0, rj k ) G Pol fc (£ 2 , £) for k G {2, . . . , n - 1}. 

Let B* := Pol n (5,£i) and A, := Po\ n (E 2 ,A). Equality of the n-th order 
terms on both sides of (61) amounts to 



Ad 2 (y) + a 2 (0,y,0) = d 2 (By) 



(63) 



Ce 2 (y)+c 2 (0,y,0) = e 2 (By) 



(65) 



A*(d n )+r n = B*(d n ) + s, 



n 



(67) 
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with 



Tn = Y Y a k°($,h,---,tj k ) and (68) 



ji+-+3k=n 

n-1 



= Y Y S k°((h,---,(j k ), where (69) 



fc = 2 ju-,j k en 

ji + -+jk=n 



= Y Y Aofe,..,^) forj = 2,...,n-l (70) 

i=2 h,...,i e m 

iiH Hi=j 

and Ci : = -B, where 

IICill = ||B|| < 1. (71) 
As in the proof of Proposition 3.1, we see that 

lkll<l- (72) 
Likewise, the norm of each summand in (70) is < 1, and thus 

IIOII < 1. (73) 

As a consequence, the norm of each summand in (69) is < \\Sk\\ ■ 1 < 1. 
Therefore, 

KH<1- (74) 
In view of Lemma 2.2, (4), (72) and (74), 

d n := (B*-A^)~ 1 (r n -s n ) = (id-(B- 1 )*A)- 1 (B- 1 )*(r„-s n ) G Pol"^,^) 
is the unique solution to (67), of norm ||d n || < 1. 

Define B* := Pol n (£, E 3 ) and C* := Pol n (£ 2 , C). Equality of the n-th order 
terms on both sides of (62) amounts to 

C*(e n ) + p n = B*(e n ) + a n with (75) 



Pn 



Y Y 7fc°(0i---0J and 



fc = 2 h,-,j k en 

h-\ \-3k=n 

n-1 



= Y Y %°(Oi>--->oj 



fc = 2 h,-,j k en 

ji + -+jk=n 
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(with Q from above). As before, we see that \\p n \\, ||cr n || < 1 an d that 

e n := {C*-B*)- 1 {a n - Pn ) = (id-^- 1 )^*)" 1 ^- 1 ),^,,-^) G PoP(£ 2 , £ 3 ) 

is the unique solution to (75), of norm ||e n || < 1. This completes the proof 
of Proposition 4.2. 

B Proof of Theorem 8.3 

As usual, we first discuss the situation in a local chart. 

B.l We retain the setting (and notation) from 6.1, except that we now 
assume that a G [1, oo[ (instead of a G ]0, 1]). 

Theorem B.2 In the situation of B.l, consider the set T of all z G B^(0) 
for which there exists a sequence (z n )neN ^ n E such that 

a n \\z n \\ < r and f(z n+ i) = z n for all n G No, and lim a n ||z n || = 0. (76) 

Then T has properties (a) and (b): 

(a) T is locally f -invariant, more precisely f(T fl -B^ c (0)) C T with c := 
max{l,Lip(/)}. 

(b) T = {(4>(y),y): y G Sf 2 (0)} for an analytic map 0: B r £2 (0) -> B r £l (0) 
mt/i 0(0) = and 0'(O) = {whence T T = E 2 ). 

Moreover, the following holds: 

(c) 4> is Lipschitz, with Lip(0) < 1. 

(d) For each s G ]0, r], the set T fl -Bf(O) has properties analogous to those 
ofT described in (76) and (b) if we replace r with s there. 

Proof, (b) Let b := K We abbreviate U := Bf b ^ E \o) and consider the map 
g: U — > Sb(E) taking z = (z n ) n eN G W with z n = (x n ,y n ) to the sequence 
g(z) with n-th entry 

9[ )n ' I (A(^n + i), B-\y n ^ - f 2 {z n ))) if n > 1 
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for n G N . Then g(0) = 0. Using the left shift A on <S 6 (£i), the left shift A on 
Sb(E 2 ), the right shift p on Sb(E 2 ) and the projection pr 2 : E = E 1 Q)E 2 — ■> £2, 
we can write (7 in the form 

3=(Ao 5 6 (/0, p o ^(B" 1 ) o (<S 6 (pr 2 ) - A o S b (f 2 ))) . 

In view of Lemma 5.3 (a) and (e), Lemma 5.4(a) and Proposition 5.5, this 
formula shows that g is analytic and Lipschitz with Lip(g) < 1. Now 

G := id u -g: U 

is an analytic diffeomorphism and an isometry, by the Ultrametric Inverse 
Function Theorem (Theorem 2.4) and the domination principle (3). The map 

w : B? 2 (0) - U , := G" 1 ((0, y) , (0, 0), . . . ) 

is analytic and (id« -g)(w(y)) = G(w(y)) = ((0, y), (0, 0), . . .), i.e., 

w(y) = ((0,y), (0,0), ...)+ g(w(y)) (78) 

for all y G Bf 2 (0). Comparing the 0-th component on both sides of (78), we 
see that w(y) = (0,y) + (fi(w(y)i), 0) and thus 

w{y)o = (<t>(y),y) , 

where : Bf 2 (0) — > Bf x (0) is the analytic function given by 

(t>{y) ■■= • (79) 

Then 0(0) = 0, and since g'(0) = (A o S 6 (A o pr x ), p o ^(fi^ 1 ) o 5 6 (pr 2 )) = 
£>! © D 2 with Di := A o <S 6 (A) and D 2 := p o S^B^ 1 ) of operator norm < 1 
(cf. proof of Proposition 5.5), we have 

00 

(G _1 )'(0) = (G'(O))- 1 = (id -(A © D,))- 1 = id + D i © D 2 • 

fc=i 

Thus w'(0).v = (G-^'iOMiO, v), (0, 0), . . .) = ((0, v), (0, £"H (0, B~ 2 v), . . .) 
for all v G £2, and hence 0'(O) = 0. 

We claim that w(y) n = f(w(y) n+ i) for each n G N and each y G Bf 2 {0). If 
this is true, then w(y) G W implies that a n ||t(;(|/) n || is < r and tends to as 
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n -> co. Hence {<j>{y),y) G T and thus ((f)(y),y): y G Bf 2 (0)} C T. 

To prove the claim, let n G N . Looking at the second component of the 
entry in (78) indexed by n + 1 and the first component of the entry indexed 
by n, we see that 

pr 2 (w(y) n+1 ) = B- 1 {^r 2 {w{y) n ) - f 2 (w(y) n+1 )) (80) 

and pr 1 (to(t/) n ) = /i(w(y) n+1 ). Multiplying (80) with 5, we obtain 

Bpr 2 (w(y) n+1 ) = pr 2 (w(y) n ) - f 2 (w(y) n+1 ) , 

whence pr 2 (w(y) n ) = Bpr 2 (w(y) n+1 ) + ^(w(y) n+1 ) = f 2 (w(y) n+1 ) and hence 
indeed w{y) n = f{w{y) n+ i). The claim is established. 

To get (b), it only remains to show that Y C {(<j>(y),y): y G Sf 2 (0)}. 
To prove this inclusion, let z Q = (x ,yo) G T; pick z := (-z n )neN as i n the 
definition of I\ Then z EU (since a n ||z n || < r and a n ||z n || — * by definition 
of T). We claim that 

z = ((0,y ),(0,0),...)+g(z). (81) 

If this is true, then G(z) = z — g(z) = ((0, yo), (0, 0), . . .) and hence z = 
G _1 ((0,y ), (0,0), . . .) = w(yo). As a consequence, z = w(y ) = (<f>(yo),yo) 
and thus z G {((f)(y) , y) : y G 5^ 2 (0)}. To prove the claim, note first that 
pr 2 (zo) = yo, which is also the second component of the 0-th entry of the 
right hand side of (81). Given n G No, equality of the first component of the 
index n entry of the sequences on the left and right of (81) means that 

which holds by choice of z. Next, if n > 1 we use that pr 2 (z n _ 1 ) = pr 2 (/(z n )) = 
Bpi 2 (z n ) + f 2 {z n ), whence Bpr 2 (z n ) = pr 2 (z n _!) - f 2 (z n ) and hence 

pr 2 (z n ) = J B _1 (pr 2 (z n _i) - f 2 (z n )) . 

Therefore the second components of the n-th entries of the sequences on the 
left and right of (81) coincide. As n was arbitrary, (81) holds, 
(c) Let y, z G B^ 2 (0). Using that G is an isometry, we obtain 

\\<Kv)-<Kz)\\ < \My),y)-(<Kz),z)\\ = \\w(y) -w(z) \\ < \\w(y)-w(z)\\ b 
= \\G-\(0, y), (0, 0), . . .) - G-\(0, z), (0, 0), . . .) || 6 

= ||((0,y-z),(0,0),...)|| 6 =||y-*ll- 
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(d) If s G ]0, r], let T s be the set of all Zq G -Bf (0) for which there exists a 
sequence (z ra ) ne N such that a n ||z ra || < s, f{z n+ i) = z n and a n ||z n || — > 0. Ap- 
plying (b) to /| B f(o) instead of /, we find that T s = {(ip(y),y): y G Bf 2 (0)} 
corresponds to the graph of an analytic function ip: B^ 2 (0) — > Bf 1 ^). Since 
r s C T, it follows that ij) is the restriction of 4> to Bf 2 (0) and TC\Bf (0) = r a . 
Since Y s has been obtained in the same way as T, it has analogous properties. 

(a) Let s := r - < r. Then T n Bf (0) = T s (by (d)). Given z eT s , pick 
(zn)neNo a s i n the proof of (d). To see that f(zo) G T (as required), define 
C„ := f(z n ) for n G N . Then a n ||Cn|| = a n ||/(^)|| < Up(f)a n \\z n \\ < cs = r 
and a n ||Cn|| < Lip(/)a n ||z n || — > 0, showing that f(z ) = ( is in T. □ 

Proof of Theorem 8.3. (a) Let E\ be the a-stable subspace and E 2 be 
the a-unstable subspace of E := T p (M) with respect to T p (f), and |.| be a 
norm on i? = Ei © B 2 as in Definition 1.1. Let k: P ^ U, Q, r > and 
Bf (0) ^ £ be as in 3.2; thus #'(0) = For s G ]0,r], let T s be the 

set of all Zq G -Bf (0) for which there exists a sequence (z n ) ne ^ in £" such 
that a n ||z ra || < s and ^(z n+ i) = z n for each n, and lim^oo a ra ||z ra || = 0. After 
shrinking r if necessary, Theorem B.2 can be applied with g in place of / (cf. 
Remark 2.5 (d)). Hence, there exists an analytic map 

4>: B*(0) -> £f(0) 

with 0(0) = and <//(0) = 0, such that T s = {(<f)(y),y): y G 5f 2 (0)} and 
g(Xs/c) Q T s for each s G ]0,r], with c := max{l, Lip(/)}. Then T s is a 
submanifold of -Bf (0) and g restricts to an analytic map Y s / C — > Y s for each 
s G ]0,r]. Now f2 s := K _1 (r s ) is a submanifold of /sT^-Bf (0)) (and hence 
of M), such that Q s / C C fi s is an open p-neighbourhood, f(Q s / c ) C Jl s , and 
/|n s/c : fi s / c — > f2 s is analytic. Also, T p (f2 s ) = E 2 because Tq(T s ) = E 2 , and 
hence each fl s is a local a-unstable manifold around p with respect to /. 

(b) We retain the notation from the proof of (a), set B := (T p (f))\ E2 and 
pick b G ]a, [■ We let A" be any local a-unstable manifold around p with 
respect to /, and S C AT be an open ^-neighbourhood such that f(S) C A" 
and /I5: S 1 — > A" is analytic. Consider a chart //: V — > Sf 2 (0) of A" around p 
such that V C. S, fx{p) = and dfx{p) = id^ 2 . There exists a G ]0,r] such 
that h := n o / o /j- 1 is defined on all of Sf 2 (0). Since a'(0) = T p (f\ N ) = B 
with pprjj > Theorem 2.4 (b) shows that, after possibly shrinking a, 

h(Bf 2 (0)) = B.Bf 2 (0) D B^ 2 (0) for all s e]0,a], and hence 
h(B^ ls (0)) D Bf 2 (0) for all s G ]0, ba\. (82) 
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Now write g = (g 1 ,g 2 ) = g'(0) + g: Bf(ti) -> E x © £ 2 , where Lip (5) < a 
and #'(°) = A © 5 with B as before and A := T p (f) \ El . Then QfliV 
is an immersed submanifold of Q tangent to E 2 and, after replacing A" by 
an open ^neighbourhood therein, we may assume that iV is a submanifold 
of Q. Since k(N) is tangent to E 2 at G -E 1 , the inverse function theorem 
implies that k(N) = {(ip(y),y) '■ y G W} for some open 0-neighbourhood 
W C 5f 2 (0) and analytic map -> £1 with V(0) = 0, ^'(0) = and 

Lip(^) < 1 (after shrinking A" if necessary). Then // := pt 2 ok\n is a chart 
for A" with fj,(p) — and d/i(p) = id^ 2 (where pr 2 : E\Q) E 2 ^ E 2 ). Hence, 
by the discussion leading to (82), there is a G ]0, r] with B^ 2 (0) C W and 

^(e 6 -i a ) 2 6 S for all sG]0,a], (83) 

where 6 S := {(ip(y),y) ■ y G -Bf 2 (0)} for s G ]0, a]. Note that ||z|| = ||y|| < s 
for all s G ]0,<r] and z = (ip(y),y) G @ s , since Lip(-0) < 1. Let z G 6 S . 
Recursively, using (83), we find a sequence (z n ) nG N sucn that z n G Ob-« s 
and 5(2^) = z n -\ for all n G N. Then \\z n \\ < b~ n s < a~ n s and a n ||z„|| < 
(|) n s — > as n — > 00, whence z G T s . Hence S C T s and thus Q s = T s 
(as both sets are graphs of functions on the same domain). Hence 6 CT is an 
open submanifold of T r . As a consequence, Q a is an open submanifold of Q r 
which contains p, and it is also an open submanifold of N as Q a = K _1 (r CT ) = 
«~ 1 (6 <T ) = ^ _1 (5^»(0)). This completes the proof. □ 
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